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Preface

In this document I aim to collect my notes based on the material from the
course “Advanced Quantum Fields Theory”, taught by Prof. S. D. Bad-
ger and attended at the University of Turin in the academic year 2025-2026.
I also include references to various books (more or less useful depending on
the desired level of depth). These notes are a rewritten version of the notes
I took during the lectures, so the main source is the material presented by
the professor. However, textbooks are essential for a full understanding of
the topics. During the course, several books were recommended (listed in
the Bibliography).

This course should be viewed as the third part of a three-part series on
QFT; therefore, certain topics, notions, and concepts will be assumed as prior
knowledge. For any review, please refer to the lecture notes on Introduction
and Foundations of QFT. Also the notes of Phenomenology of foundamental
interactions could be useful. You can see some of the exercises present in
the notes following this link. M. Nebbia’s note from the course Complementi
di Teoria di Campi, taught by Prof.s L. Magnea and G. Passarino, are very
useful. I posted here a list of the corresponding chapter.

These notes should clearly be understood as personal, neatly rewritten
lecture notes. Any oversights, mistakes, or inaccuracies are due to my own
limitations. Moreover, I wrote these notes mainly to “explain” the subject
to myself, so some sections may appear overly detailed or, conversely, too
superficial depending on the reader. In any case, I hope they may still be
useful to someone. I also hope that I have managed to produce a clear and
well-structured document.

Sometimes I may not explicitly reference a particular textbook or past
course; in such cases, I am referring to my own notes on that topic. A
collection of my notes is available on my personal GitHub page: gCem-
balo.github.io.

Any error or typo can be reported to my personal email:
gabriele.cembalo020gmail. com.

Last update: 19/05/2026]|
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Chapter 1

Intoduction

In this course we want to develop the formalism of Quantum Field Theory
to describe:

e Loop computations: quantum corrections in perturbation theory.

e The origin of UV divergences and the method of renormalization.
e Renormalization scale indipendence and the renormalization group.
o Gauge invariance and unitarity for non-abelian gauge theories.

The course structure is: a brief review of QFT, the A\¢? theory, we will
study the loop computation methods, we will see how to renormalize the
QED and QCD to develop the formalism for the renormalization group,
but the last part of the course is unitarity, "cuts" and non-abelian gauge
invariance.

As presequisites we need to know how to derive Feynman rules and tree-
level ampludes, we must be familiar with LSZ formalism and the correction
between Green’s functions and S-matrix elements and we must have basic
knowledge of abelian, and non-abelian, gauge theory (QED and QCD).

Basic QFT history. In 1927 P. A. M. Dirac find a quantum theory
of electrons, but with one big problem, the electron self-energy is infinity.
Between 1947 and 1949 Feynman, Schwinger and Tomonaga develop the
renormalization of QED. We can think that in that moment they build the
QFT.

Note that was also contributions from Kramers, Bethe and Dyson.

Later on the physicist develop the Yang-Mills theory, the QCD, Weinberg
(and other in '67) develop the Standard Model and the EW unification, 'T
Hooft and Veltman in '72 contributed to EW renormalization.

Between 1972 and 1975 has been developed, by Wilson based on preced-
ing work by Stwekelber, Peterman, Gell-Mann, Low and other, the renor-
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malization group theory.



Chapter 2

Loop correction in scalar
Quantum Field Theory

In this introductory chapter we review the formalism for perturbative scalar
field theory. You can see my lecture notes from the other two QFT course.

Note. In this chapter we will represent the Feynman diagrams for scalar
fields with solid lines, and not with dashed.

2.1 Basic formalism

The lagrangian density for a real scalar field, in 4d Minkowski spacetime
using diagonal metric:

g" = diag(1,—-1,—-1,-1) (2.1.1)
with an arbitrary potential V(¢) is:

1
L= $0,00"6 — V(6) (2.1.2)
where ¢ = ¢(z#) con z* is a 4-vector in Minkowski spacetime. We will take
the convention h = ¢ = 1 (you can read the Appendix A) throughout. The

classical equation of motion (Euler-Lagrange equations) are:

oL oL ov
% (o) 35 =0 = wrergme @1y

As we learn, we can quantize the theory by imposing canonical commu-
tation relations between equal time fields and canonical momenta 7(x*):

oL
0(009)

m(zh) = (2.1.4)
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that we choose:

o(t,2),0(t,7")] =0 (2.1.5)
w(t,T),n(t, )] =0 (2.1.6)
[7(t, @), ¢(t, 7)) = —i6® (& — 7). (2.1.7)
The hamiltonian is then:
) 34\2
H= /d% (2 + (af) —|—V(¢)> (2.1.8)
with:
3
(99)% = (3:9)(0'0) = > _(0;9)°. (2.1.9)
=1

Doing so, the field ¢ is now interpreted as an operator on Hilbert space:

A~

¢ — ¢ (2.1.10)

satisfying the Heisemberg equation of motion:

9o [,
70 = H} 2.1.11
i =9 (2.1.11)

Remember, we assume that, not only exist a Poincaré invariant vacuum
state, but also that the solution of the theory may be obtain (¢ and the Fock

space) using the n-point correlation functions between fields:

Go(z1, ... 2n) = (0| T [d(z1), .., d(zn)] |0) (2.1.12)

where T represents time ordering. For the two point function the equations
of motion imply:

&&Gz(:ﬁm) +{0|T Kg‘;) (1) ¢>(x2)] 0) = —i6@ (zg — z1)
(2.1.13)

Oz, Go(21, w2) + (0| T [V (21)$(22)] [0) = —i6™ (22 — 21)
(2.1.14)

or for the general case:

0w, Gn (21, ..., 20) + (O] T [V'(21) ... ¢(z0)] [0) =
= —i0W (29 — 21)Gno1 (22, ..., 2p). (2.1.15)
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2.1.1 The generating functional for correlation functions

Let us remind ourselves of the solution for G2 in the free theory:

G, 22) = (0| T [¢(21)p(22)] |0) (2.1.16)
= DF($1 — .1‘2) (2.1.17)

d4k eik(zg—xl)
_ / TR (2.1.18)

where Dp(x1 — x2) indicates this is the Feynman propagator for a particle
of mass m (using V(¢) = 1m?¢?) and we have introduced a small positive

immaginary term (f_ in the denominator to resolve the poles on the real axis.

For the interacting theory we may write (thanks its semplicity) the solu-
tion using the path integral formalism:

I Dy d(x1)d(wa) expii [*,d*z L
0 T [¢(z1)6 ()] |0) = lim —— " p{ }

(2.1.19)
t=o0 | Dy exp{z’fft d4x£}

which we can solve using a generating functional Z[.J] with a source term J:

ZlJ] = /D¢ exp{i/d4$ (E+J(J:)¢(a:))} (2.1.20)

so the correlation function, Ga(z1, z2), is obtained via functional derivatives
of Z[J] with respect to the source term J:

Ga(w1,22) = (0| T [¢(71)9p(22)] |0) (2.1.21)
A s
= 70 <—15J<x1>> <—15J<x2>> ]

2.2 Two point correlation function for ¢* theory in
position and momentum space

(2.1.22)

J=0

We will only consider perturbative solutions here. Let us now specify a par-
ticular interaction, the ¢3 theory, in the coordinates and momentum space.
We take:

L=Lo+ Ly (2.2.1)
Lo = % ,pOHp — %mzqﬁz (2.2.2)

A
Lr= —§¢3. (2.2.3)
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We may expand Z[J] as follows:

217] = / Dy exp{z’ / A (Lo + L1) + J¢} (2.2.4)
= /D¢ exp{i/d4x£]} exp{i/d4x£0 +J<Z>} (2.2.5)
- / Dy exp{iSi[¢]} exp{i / dz Lo +J¢} (2.2.6)

_ /% ioi' (iS1]4)) exp{i/d4x£0 + J¢>}. (2.2.7)

For the free theory one can derive the 2-point correlation function from the
relation:

Zold) = Z[0 exp{—; [tz atys@)Dete - y)J(y>} (228)
= Gao(z1,22) = Dp(21 — x2) (2.2.9)

S0, to solve the interacting theory we can expand around the free propagator:

16 ) ix [ 5 \*
Zo[0] 0 (21) 6. (v2) (1 "6 / . <6J<z1>> v

=0
+ <2>2/ dad’e; <6sz1>>3 (6J?Z2)>3 i "')Z“m

= DF(a:1 — ZEQ)—

)\2
— ? d421d42’2 DF(J/‘l — Zl)DF(Zl — 22)2DF(22 — $2)+
+ 0\ (2.2.11)

+—O—+O(>\4)

where we didn’t draw the disconnected diagrams.

We already have an issue with this expression since the point z; = 2z
causes a singularity. The divergence is simpler to see in momentum space,
so we take the Fourier transform of Ga(z1,x2) (recalling the espression for

DF(.’El - x2> (2118))

DF(iL'l — Zl)DF(Zl — ZQ)QDF(ZQ — $2) =

d4ki eikl (Zl 711)67;]62 (ZQ*CC:[)eik3(22721)eik4(z27f2)
= 2.2.12
/ (H (27r)4> [Tiy (k7 —m? + ") | |
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where we can rewrite the argument of the exponential to collect on z; and
z9:

exp{izl (kl — kz — k3) — iZQ(k4 — ]{53 — ]CQ) - iklscl + ik4l‘2} (2.2.13)
in this way we can compute Go by evaluating the integral in z; and zp in
(2.2.11). In particular [d*z; gives us (2m)*6™) (ky — ko — k3), that with
[ d%ks3/(2m)" sets k3 = k1 — ko, then [ d*zy gives (27)*0) (k4 — k1) and then
[ d*ky/(27m)* sets ky = k1. Putting everithing together:

Ga(p®,m?) =/d45:eipi" G, T2) (2.2.14)

with Z = 21 — x5 and:

Ga(z1,22) = Dp(z1 — 22)—

)\2 d4k31 d4/€2 6—ik1(x1—a:2) 0915
B 2/ (2m)% (27)2 D(ky,m)2 D(kg, m) D(ki — kg, m) (22.15)

where we introduce:
D(k,m) = k*—m?+ig". (2.2.16)

Now, the integral over & = x; — 2o can be performed giving a 6 (p— k1)
factor, followed by the integral in d*k; fixing k1 = p, so gives us:

~ 2 2\ 4
GQ(p , M )_ D(p,m)+

(=iN? (i NP [d%k i 4
T (D(p,m)> /(27r)4 D(k’m)D(k,_p’m)‘FO()\ ). (2.2.17)

We like this result, but we know, from other courses, that Feynman
introduced a diagrammatic way to arrive at the same expression avoiding
the lenght algebra. For the A¢® theory we have the Feynman rules:

e Interaction vertex:

= —i)

e Internal lines: .
)

D(k,m)

e Divide by the symmetry factor of the diagram.
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In this way we have:

Go(p?,m?) = b—— + (1 + O\

where we have used the notation ——— to indicate this is a correlations
function and so propagators are included on external lines, unlike the case of
S-matrix elements where diagrams are amputated.

Note that we must include the symmetry factor of 1/2 (to the loop) when
applying the Feynman rules.

2.2.1 Identifying the problem

The one-loop correction to the propagator, usually reffered to ad one-loop

self energy, is:

where:
P d*k 1
s (2 m?) = Z/ 2.2.1
W) =5 | @ryi Do) Dk = pm) (22.18)
so that:
- ; 2(1)@2 m2)
Go(p?m?) = —— (14 22 oty . 2.2.19

Wrote this we can explicit the limit |k| — oo:

. [e's) 333 00
SOpAm?)  — M/ 701““”]“‘4‘1 L oc/ dik] (2.2.20)
2 Jo k| o Ikl

hence the self-energy has a logaritmic divergence in the UV, and we must
include a cut-off to compute the integral:

/6A C}Ljﬂ = log <?> (2.2.21)

Understanding how to treat such UV divergences through rinormalizzation®,
will be the main topic of this course.

!Note that including a cut-off is only one way (of many) to dominate the infinity.



Chapter 3

A¢> theory at 1 loop

We will consider our study of ¢? theory. This time we specify a generale
space-time dimension, d, so we have:

S = /d4x£ (3.0.1)
with the same lagrangian:
1 1 A
—— w0242 N3 9
L 5 Moleiato) 5™ 10) 3!d> . (3.0.2)
The metric is taken to be mostly minus hence:
g = diag{l,-1,...,—1}. (3.0.3)

Before finding a resolution to the problem of UV divergences our first
task is to classify the possible divergent graph.

In particular we will saw how to renormalize UV divergences in ¢° in 4d,
with a mass shift (and redefining (¢)), we will introduce methods for loop
integrals, like dimensional regularization and Feynman parameters. We will
saw renormalized perturbation theory depends on an arbitrary scale ugr at
fixed order.

Note. In this chapter, as the previous one, we will represent the Feynman
diagrams for scalar fields with solid lines, and not with dashed.

3.1 Superficial degree of divengence

We can repeat the argument from chapter §2 in d-dimension concerning the
UV divergence of the one loop self-energy:

SO (2 m?) = —iZ-1I§ (3.1.1)
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with the integral:

Wld _ 1
1= | (3.12)

IS

In the limit |k| — oo we have:

and where we write:

|| [k[4-1dd-10)
ol / 1.
2 o K2 (3:19)
4410
_ d—>5
_/d]k\ ] /(%)d (3.1.4)
I — |

therefore the integral underlined, for any dimension d > 4 diverges, and its
divergence in d = 4 is logarithmic.

There is a natural lower cut-off for the energy, the mass m, so using a
cut-off regularisation scale A:

2
sOURP2 m?)  —  clog (%) (3.1.5)

|k|—o0

with ¢ a constant and we use A as a UV regulator.

NB. Since there is non-zero mass there is a natural lower band for the |k|
integral.

We can perform this analysis for a general (one-particle-irreducible, 1PI)
graph I'g(n, L) where:

e I/ the number of external lines
e 7 the number of internal lines
e [ the number of loops.

The graph:

-O-

V)
NN

is 1PI, while the graph:

1s not.
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The UV power counting gives us the superficial degree of divergence,
w(lg):
w(lg)=dL —2n. (3.1.6)

The extension to higer loop assumes scaling all internal momenta to oo at
the same rate. We may try to conclude:

e w(I'g) < 0 means convergence.
o w(I'g) = 0 means logarithmic divergence.
o w(I'g) > 0 means power low divergence.

This statement can be made concrete by considering also the superficial de-
gree of divergence of each subgraph:

Weinberg’s Theorem: A graph I' is convergent in the UV if w(T") < 0
and w(I'syup) < 0 for every subgraph I'g of T

NB. The superficial degree of divergence does not account of potential
cancellations between graphs with the same number of external legs and loop
order, so contributing to the same correlation function G,,.

Examples of divergences:

n=2

<:> E=2 ; wly)=d—4

L=1

™ "o
E=2 i wle)=2d—6=2(d—3

o (T'2) (d—3)
L=2
n=>5
E=2 ;. w(s) =2d—10 = 2(d — 5)
L=2

In this last case we might be tempted to say convergent in d = 4, but
subgraph diverges in d = 4 (the one-loop in the upper line).

We may express w in terms of the dimensions of the fields and couplings.
For a good general scalar theory with p-point interaction, so:

A
Emz—ﬁﬁ (3.1.7)

we find that:
L=n-V+1

) n=

(3.1.8)
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w(l) = dL —2n (3.1.9)
=dn—-V+1)—2n (3.1.10)
= (d— 1)W2E) —dV +d (3.1.11)
ep(52) v (i0(52)) e
:d_E[V:L]]—V[[;]] (3.1.13)

where we have used, from the lagrangian:

[m?¢?] = 2[m] + 2[¢] = d[m] (3.1.14)

= [¢]= (d;m[m] (3.1.15)

[\¢P] = d[m] (3.1.16)

= [N +pl¢] =d[m] (3.1.17)
D (=2

m] d < 5 )p- (3.1.18)

Our ability to renormalize will rely on the number of UV divergences
that we may encounter in the correlation functions. We would like a finite
number of divergent (sub)-graph. In terms of the dimension of A we classify
cases as:

e Super-renormalizable: if [\]/[m] > 0 and a graph I' has w(I") < 0,
at loop order L, then the additional loop correction to I' (some values
for d, E, [¢]/[m], higher L meand higher V') will also be convergent (will
decrease w(I")), so this means a finite number of divergent graphs.

e Renormalizable: if [A]/[m] = 0 then we have co number of divergent
graphs, but only for limited number of extenal lines. However, the
number of divergent sub-graphs is finite.

e Non-renormalizable: if [A]/[m] < 0. Every 1PI graph is divergent if
we go to a sufficiently high loop order.

3.2 Computing £V in dimensional regularization

Having estabilshed that the self-energy is divergent we may calculate only
after introducing a regularization method.

We already demonstrated a simple cut-off would render the integral fi-
nite, but breaks Poincaré invariance, so is not predered. We can perform di-
mensional regularization where d is analytically continued to be non-integer:

d=14-—2€ , e 0 (3.2.1)
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note that instead 4 we can use dg, the dimension for £. Dimensional reg-
ularization is an analytic continuation to a continuous dimension, and it
preserves many symmetries (Poincaré, abelian and non-abelian gauge) and
so it can be generalizes well to QED and QCD. For this reason we may as
well introduce it immediately. Later on in the chapter we will list other
possibilities.

We can now simply compute:

2
s()ld] _ _i% Jrold (3.2.2)

where:

d _ 1
B /k D(k,m)D(k — p,m)’ (3.2.3)

3.2.1 Feynman parameters

Feynman, and similarly Schwinger, notice that it was convenient to observe
(you can try it in Mathematica) the relation:

1 — ] — 062)
d d 2.4
AB / a / A+ axB)? a1A+a2B) (3:24)

We will study the generalization to more denominators with arbitrary powers
later, for now consider just 2 denominator. We write, computing one delta,
because it’s convenient:

1
(D[ 1
L = d 3.2.5
N R e e e
completing the square in the denominatos yields:
a((k —p)* =m® +if ") + (1L - a)(k* —m® +if") =
= m2+i¢+—2ak-p—|—ap2

+(1

k2 —
_ k—ap)Q—ap2+a2p2—m2+i¢+
_ k/)Q_A

where we use:

A=—a(l—a)p’+m?—if" (3.2.10)
K =k — ap. (3.2.11)

We can now re-order integration in « and k (changing variable from &’ to k)

to write: .
1
7o :/ / 2.12
e S AR (3:212)

Note. If the numerator has dependence on k we would pick up « depen-
dence in the numerator due to the shift ¥’ = k — ap.
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3.2.2 The tadpole integral

In Iél)[d} (3.2.12) we have a standard integral in itself that we can solve; for
this reason we can consider a general tadpole integral:

Ti(A) Z/k(kg_lA)n. (3.2.13)

A tadpole graph would look like:

—C

The first step is to Wick rotate into Euclidean kinematics:

=ik ,  k=kg (3.2.14)
such that:
k2 = (K°)% — |k|? (3.2.15)
= —(k%)? — |kg|? (3.2.16)
= —k% (3.2.17)
and:
dk = id%kp. (3.2.18)

The tranformation (remember that the Wick rotation rotate the axis in anti-
clock sense) does not cross the poles from the denominator!, see fig. 3.1, and
note that they are:

= (K0)* — [k]> — A = (3.2.21)

— +1/|k)2 + A = +1/|K| +Re{A}:m¢+ . (3.222)

'Note that this is more than a replacement. See Peskin [2] and Sterman [3]. When we
perform the Wick rotation we must do it in anti-clock sense, because otherwise we’ll cross
the pole from the denominator, see fig. 3.1. The rotation is:

“+oo
/ dk“:f d® , withk’eC (3.2.19)
—o0 Cr

and using the Cauchy’s theorem:

S ~+ico »+-00
= 7{ di° :/ dk? = 7/ dk% (3.2.20)
JCr —100 —o00

where we have k¥ immaginary, but k% is real.
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Im {0}

Re {9}

Figure 3.1
Therefore:
TI(A) —i(—1)"/ (d;f)i (k:?EiA)n (3.2.23)
By TR
[

=274/2/T'(d/2)

where we used the Gamma function:
xT

I'(z) :/ dz 2% le™2,
0

The integration in |kg| is also straightforward, because we can call |kg| = =,
then do the sostitution 22 =t and then y = A/(t + A) to get:

e rd—1 > dt td/2_1
/o PN —/ 22t+A) e
1
_ ;/ dy Ad/Q_nyn_l_d/2(1 — y)d/2_1 (3226)
0

we can reconize the Euler beta function:

B(q,b) = /01 dz 211 — 2)0!
_ T(a)I'(b)

T T(a+b)
in this way we have:
d—1 ~dr(d
/'kE|d,kE| _Lpapal(n=5) 0 (5) (3.2.27)
(kg2 + A — 2 I'(n)

so we have a result for the tadpole:

T (a) = (V" aapal (1= 3) (3.2.28)
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3.2.3 The massless self-energy

Before completing Iél)[d] (p?,m?) we can try the simpler case, at one loop in
d dimension, with m = 0. We have to use the result (3.2.28) in d dimension
with n = 2, so:

1 di2—2T(2—-d/2)

[d] 2 2
T. —a(l — = —(—a(l — 3.2.29
Pl O, g e m el gy (0
ropping ¢
so we have:
1
M2 0) = /0 daTi(A) (3.2.30)
i Lo re—-d/e2 d/2—2
_ W/O da(F(Z)/) (—a(1 — a)p?)” (3.2.31)
_ b avdpeap (g @ ¢_,8_
= (47r)d/2( p?)¥22 (2 2) B <2 Lg—1) (3232
i LSr2-dHr2(d-1
N (Adr)(z/z(_pz)d/2 & Fg(zz—z()2 | (3.2:33)
in d = 4 — 2¢ dimensions, we have:
d 4 — 2¢
- —-n — —2=—c
2 2

so, computing (3.2.33) for d = 4 — 2¢ we have:

_T(er%(1—e)

(1)[4—2¢€], 2 o .2
I2 (p 70) - (47_‘_)2_6( p ) F(2—26)

(3.2.34)

where the UV pole can be made explicit through use of the property I'(1 +
z) = zI'(2):

I'(e) = , ['(2 —2¢) = (1 —2¢)I'(1 — 2¢) (3.2.35)

76(—;72)*6 (3.2.36)

[(1+e)T2(1 —¢)

with the coefficient: Cr = (4m)T(1 —2¢)

(3.2.37)

We may also expand in € to observe the analytic structure:

¢ ' 1
L, 0) = (4;)2 (e +2 — g + log(4m) — log (—p®) + O(e)>
(3.2.38)
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where we expand (—p?)~¢, and (47)¢, with the log:

*pQ - *PQ 2
<47T> = exp{—elog <47r>} ~1- e[log (—p) —log (4m)| (3.2.39)
and we have the Euler-Mascheroni’s constant:

vg = 0.57721 (3.2.40)

that comes from the expansion of Gamma function:
1
P(e) ~ = — e +0(6)

in particular we have to use:

M40 = ~e(;—8) =1- e

P(1—€) = —(—¢) ~ ¢ (—1 - 7E> 1t e

€

= T?(1—e)~1+eyp)? ~1+2eyp

(1 —2¢) = (—2€)'(—2¢) ~ (—2¢) <—21€ - 'yE> =1+ 2eyE.

3.2.4 The self-energy with mass dependence

Now focus on the same problem, with n = 2 in d dimension, but with m # 0;
we have:

1
1M (2 m2) — /0 da T (.‘a(l —a)pt+ mz) (3.2.41)
A droping i(25+

i d\ (! /22
- WF <2 - 2) /0 da (—a(l — a)p* +m?)
(3.2.42)

putting d = 4 — 2e:

. 1 2\ €
BRI ) = e m?) | o (1 ~afl- a)p)

the UV divergence is the same:

I(e) = %F(l +¢€) (3.2.44)
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and the integral in « is finite so we can expand it in €, and then integrate in

. L 1 .
/OdaA :/0 da<1—elog(A)+...> (3.2.45)
and
(D=2 2 oy a2 (L [ da lox (A .
2 ) = e ) (5 - [ daog(d) + 000)
(3.2.46)

deriving a closed form for the integral over « is a straightforward exercise
(you can see the linked file).

Exercise 1.

1. From the definitions 1 = (1 £ ) and 8 = /1 — 42%2 show
that 8, 3_ = m?/p?.

2. Use the transformation o = y + 4 to show:

A_YytB)
B+B-

3. Complete the integration over y to show:

/01 dalog(A) = -2+ fBlog (—?’:) :

The final result is therefore:

(1)(a-24 _ it gm* 1 g
1.21 4-2 (p%, m?) = W(E +2— fBlog <_BJ_F>) + O(e)
(3.2.47)
— (4;)2<i + 2+ log (47) — vg — log (m2)—
B+
_ Blog (-/&)) + O(e). (3.2.48)

Putting this into the definition of (1) (3.2.2) we find (at the first order):

W22 2y N (1 0
)y (p*,m?) = +O(€) | . (3.2.49)
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3.3 Interpretation of the divergence: the renormal-
ized 2-point function

Let’s return to the perturbative expansion of Go:
Gop?,m?) = —— + —( — + —O—O—i+

+}—<D—{+...
= )

where we have:

and:

St m?) =) s p?m?) (3.3.1)
L=1

is the self-energy containing all not facturisable diagrams. This way we
obtain:

~ y b 22
Go(p?, m?) = —— (1+ + +) 3.3.2
p%m) D(p.m) D(p,m)  D(p,m)? (3.32)
i 1
= 3.3.3)
D _ X(p*m?) (
(p,m) 1 — S,

re-summing to all order (Dyson):

. i
Go(p?,m?) = .
) p? —m? = X(p?, m?) + i

(3.3.4)

So the self-energy, containing the UV divergence, can be interpreted as a
mass shift to the tree-level propagator. X(p?,m?) shifts the propagator’s
pole.

It is therefore possible to absorb the divergence into a re-defined mass
parameter, to fix finite terms:

m% = m? — dm?(k) (3.3.5)

where £ is the scheme dependence and cancel the divergence in . We have
computed dm? (k) up to one-loop:

om?(rk) = i om2 ) (k) (3.3.6)
L=1
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and:

m? 4+ S(p?,m?) = m? — 6m? M (k) + W (p%, m?) + O\ (3.3.7)

K

where:
m*W (k) — 2 (p?, m?) = UV finite (3.3.8)

2
=  2W() = 2(;)2 (1 + n) (3.3.9)

€

and in order to make a physical prediction we must fix x, so we must define
a renormalization scheme.

We must also address the mass dimension of our loop corrections. There
is a new dimension hidden inside the coupling in dimensional regularisation.

Recall:
[[)‘]] — <d -3 <d;2>) (3.3.10)

L=, 1+ (3.3.11)

so we can make the scale explicit by using:
ARMR = A (3.3.12)

where:

Al =[m] ,  [ug]=[m] (3.3.13)

same as dimension of bare coupling in d = 4. The finite, renormalized,
2-point correlation function is therefore (taking e — 0):

Gor = —il3 g (3.3.14)

where:

A+
F2,R(p2amg;’%nu%?7)‘%{) :p2 _m%?_‘_“b +
2

L R (2+1 (47) — 7 — s+ 1og (P2} — g1
2(an)? 0g (4m) =g — i +log { Ly og

B+
B

)+ o0k
(3.3.15)

where we can still choose a specific value, so a renormalization scheme, for
K.
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3.3.1 Renormalization of the lagrangian and counter-terms

We may apply the change of parameters already at the level of the lagrangian:
1 1 A
L= 3 PO — §m%¢2 — §¢3 (3.3.16)

where we have now specified mg and Ay ad bare quantities. After the trans-
formation:

mg = m% + om> (3.3.17)
we see:
_ 1 2.2
c=cf - —5omie (3.3.19)
)\0—>>\R;L€

where, computing with Feynman rules, the first term gives us the same
contribute as before: '

i
D(p7 mR)

= —IARUR

but the second term gives us:
— R = —iom?

which is the UV counter-term from local operator. Hence we generate renor-
malized (finite) quantities order by order:

(2)
+ﬂ}+ - +..

where we identify the order:

= o0

4®7+...+ (2) = OO\
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3.3.2 Renormalization schemes

We see that our finite @27 g still has an ambiguity that must be fixed before
the procedure is predictive. The parameter mg is not the physical mass but
we must specify how mpg is connected to a physical quantity, which will fix
the scheme, so k and ug.

We define the physical mass m,, to be at the pole of the 2-point function:

1

Gop=——"7
yY p2_m12)+l¢+

(3.3.20)

and now consider options for the scheme.

1. Minimal subtraction (MS) Only poles from divergent graphs re-
tained, so kprs = 0. We can then state that:

—iGop = T2 phys (3.3.21)
with:
. L+
. ilgé L2 phys = il (3.3.22)
phys

which we match to the renormalized function:
Ty a5 (P, mi; why AR) (3.3.23)

as follows:
lim  Doars(p?, mi; uh, M%) = iff - (3.3.24)

2 2
P —>mphys

where, from before we have (3.3.15), so:

2 2 )\%: H2R
mphys —Mp + (2 + 1Og (47T) —TE + log -

2(4m)? m2,
— Bphys log <—5phys+)> = O()\}lg) (3.3.25)
phys—
where we use:
4m% 1
Bphys = |1 — — o Bpnyst = 5 (1 Bpiys) (3.3.26)
mphys

So we have fixed the scheme to a measurement at p*> = m and found a

2
phys
(relatively complicated) relation between m%y us and mg. At leading order:

My s = Mopys + O(AR) (3.3.27)
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so we simplify the relation above by replacing mgr with mppys inside the
terms at O(\%):

)\2 Iu2
2 _ 2 R R
MR MS = Mphys T (am)z (2 + log (47) — vk + log (mghys -
™

V3

where, as we can see, we have:

) +0O(\g) (3.3.28)

- (3.3.29)

2. Modified minimal subtraction (MS) We can also include some

additional constants in the choice of the x which may help to include an

additional finire constant in dm?2®)

kg = log (4m) — Vg (3.3.30)
which can also be seen as a change in normalisation subtracting:
A7) e €TE
(drm)tem?® (3.3.31)
€
rather than 1/e. This relation between miz,Mis and mf)hys is particularly
useful for higher order correction, ad it is:
A2 % s
2 R R
7S = +—=(24log| 5+ | ——|. 3.3.32
MRS T Mphys 2(47)?2 ( e (mﬁhys V3 ( )
3. Fixed momentum subtraction (MIOM) In this case we fix the 2-
point function at a value? p?> = —M? and impose:
To.mom (M2, m; knionr, ik, Ag) = —M? —mp + i (3.3.33)

from which we determine:

2
kyom = 2+ log (47) — vg + log (Zg) — B log <—gﬁ+> (3.3.34)
% _

and so:
Do mom (P2 my; =M% \R) = p? — mb + i+

+ N <_/8R log (_51%) + B log <—5M+>) +O(Xg). (3.3.35)
2(dn)? Br- M B

2The minus sign is important, because doing so we don’t worry about the branch-cut
in the logaritm.
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The relation to the physical mass can be determined as before:

lim Do aron (p?,mi; M2 Ag) = iff (3.3.36)

p2*>mphys

so we have:

>> +0O(\%). (3.3.37)

4. On-shell subtraction Impose m% = mf)hys (so the equation (3.3.37)):

lim Ty p(p?, mi; kos, 1, \R) = i) (3.3.38)
p?—mp
so we have:
kos = 2+ log (47) — v& + log (‘ﬁ"f) - (3.3.39)
m% V3

NB. For theories like QCD where my,y is not in the perturbative regime
we cannote use the on-shell scheme.

3.4 Complete renormalization of ¢? in 4d
Having completed our analysis of the two point function we need to consider

all other potentially divergent graph. The result so far for the lagrangian in
terms of renormalized mass and coupling is:

1 1 ARG 1
L= 28,00"¢ — ~mie? — LR 43 |~ 5242 (3.4.1)
2 2 3! 2
where:
om? o = +O(\R) (3.4.2)
m‘=—"="=-|-+4+« 4.
2(4m)% \ e R
which cancel the divergence in Gs, so that GQ’R is finite. In d = 4 we know
we have [Ar] = [m] so we only have a finite number of divergent graph.
Remember:

wl)=4—E—-V (3.4.3)
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we have, at 1-loop:

so no further 1-loop divergences. At 2-loop:
(D)2 L,

but has one-loop divergent subgraph which is cancelled

exactly by the counter-term insertion into the one-loop graph:

@ + @ — finite (3.4.4)

therefore we can determine that ém2® = 0, so:

(2) =0 however.

4®7

This pattern continues, to all-loop orders, so the one-loop counter-term is
sufficient to render all correlation function finite, so we find m? is complete
at one-loop.

There is one subtlety, which is:

%{)):4-1-1:2 (3.4.5)
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so the tadpole graph is also divergent:

z)\R
u%»,/ D k ) (3.4.6)
= %RMRI{ -2 (3.4.7)
.>\R I'(—1 + € 1 e €
=i (F(l) )(47r)2—5 (M%) us (3.4.8)
—€m2 €
e T+ 6) (13
= T a .4.
2(4m)2 (1 —e)e \m% (3:4.9)
_ . Ar 2 1
_12(47r)2mR <6—|—O(60)> (3.4.10)

where we applied the relation I'(z + 1) = 2I'(2). This graph contributes to
the vacuum expectation value:

(0] @10) e = 0 (3.4.11)

and we know:

(0] #10)1e = (O & Sint (@) [0) e + - - - (3.4.12)

- +... (3.4.13)

The vacuum energy represents a physical observable and therefore we may
renormalize the divergence into the vacuum. We would like to:

(019 10) g = (¢)phys (3.4.14)
=0 (3.4.15)
=—O+ —® =0 (3.4.16)

where we have ———) the tadpole counter-term to cancel completly the
divergence. The counter-term is introduced as a linear term into the la-
grangian:

r— % GOV — %m%qg - AR?“%?» - %5m2¢2 + 0(}) ¢ (3.4.17)

where:
—® = —() = §¢) (3.4.18)

in order to cancel the quantum corrections exactly.

3.5 Alternative regularisation scheme

Historically, dimensional regularization was introduced in 1972 (from 't Hoodst,
Veltman and Giandiagi, Bollini). Other options are listed below.
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Cut-off regularisation (e.g. Schwinger, Feynman etc.) Wick rotation
and Feynman parametrisation work in the same way. We have:

by _ 1
- /k D(k,m)D(k — p,m) (3.5.1)

1 A d4k‘
dk kgl? 22
- / / /‘€2E—‘|—AE’ 2 (3.5.3)
_ Y
= /0 da 167?2/ dy —— OEWNE (3.5.4)

() ) e

where in (3.5.3) we perform the Wick rotation and compute the integral for
the angular coordinate.

Q

Lattice regularisation Discretizing space-time (minimum spacing im-
plies maximum energy) also regulates UV divergences. We can keep gauge
invariance but break Poincaré invariance. If we write:

(i 1 B ,

by subtracting at fixed scale u then the divergent integral:

/;CD?(;W) x log (,ﬁtﬂ) (3.5.7)

where ¥ = nta, where we indicate a like the lattice spacing, and we have
—r/a < kM <7/a.

Pauli-Villars regularisation In this method we introduce new, large
mass, states such the each propagator becomes:

1 1 1
Dp.m)  D(pm)  D(p, ) (3:58)
2 2
o m oM (3.5.9)

D(p,m)D(p, M)

The additional propagator factors enter the Feynman parameters and reg-
ulate the integrals but all expression depend on M. In facts the additional
power of momentum downstairs give us faster UV convergence, and we can
still proceed with Feynman parameters, so keep integral in 4d, and they wil
depend on M.

For QED, with this method, we can maintain gauge invariance.
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Analytic regularisation (see Bogolinbov, Zinnermann etc.) We start
from the observation that:

5oz SR, ) (3.5.10)

is finite. From here we can begin to differentiate under the integral. We
have:

o pt 0
S S (el )1 (3.5.12)

ap* D(k —p,m) — D(k —p,m)?
—iA?l/ d*k p-(k—p)
2 22 @m) Dk, m)D(k = p.mis 1)

9
— SR )

The additional powers of k downstairs aresufficient to regulate the divergence
in the UV. We can perform the Feynman parametrisation via:

1 1

1
Yol 2/0 daa(aA (1 —a)B) (3.5.14)

which bring us to:

/kD(k:,m) (k(k: pp, 2/ dfm/ Fap)? )3 (3.5.15)

with:

A= —a(l —a)p®+m? (3.5.16)

and so:

/ka k e / / k+ap p) (3.5.17)

Now rewrite:

aaszww (3.5.18)
so we get:
—_ji)\2 _
;;22( M (p2 m? M / /k ka u a) (3.5.19)

but we have an antysimmetric integrand over a symmetric integration range,

SO: 2 0 -
/kML =0 (3.5.20)
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and we obtain:

9 ix2 [t
6722@)[4} - 2/0 daa(l — o) T (3.5.21)
ix2 [t —i 1
XMo1 9

1
= — [ dalog (—a(l — a)p® +m? 3.5.23
4(477)28p2/0 aog( a(l —a)p —i—m) ( )
where we revrite 1/A as the derivative of a logaritm. In the end we have
that the self energy is equal to a finite integral:
(1)) A
by =—— da log (A) + C 3.5.24
o detos(a)+ (35.24)
where in C' (the constant that contains the boundary value) we have the
divergence. We can fix the constant using the renormalization scheme con-
dition, e.g. thew on-shell scheme:

SO (m? m?) =0 (3.5.25)
so we get:
A2 1 1
SOU (2 m?) = - / da log (A) — / dalog | A

4(4m) 0 0 p2=m?2

(3.5.26)
22 gt 1—a(l- a)p—z
= 1 m= . 5.2

4(4m)? /0 da log ( 1—a(l—a) (3:5.27)

3.6 Renormalization of ¢* in 6d at one-loop

In 6 dimension the coupling constant, A, is dimensionless. The theory is
renormalizable, but in a more intricate way than in 4d. We start with the
bare lagrangian:

1 1 A
L= 50up0d"d0 — 5mid} — 58 (3.6.1)

in which all quantities are denoted a bare using a subscript zero. The super-
ficial degree of divergence is:

w(l)=6—2FE (3.6.2)

L w(—O—) =2

4
w )O and < 0 for £ > 0.



30 CHAPTER 3. A\¢? theory at 1 loop

This means we must also take care of divergence in the 3-point vertex func-
tion. Since w is independent from the number of vertices (V') the higher
loop corrections to the 1-; 2- and 3- point functions also diverge (not just

subgraphs), e.g.
w <%> . (3.6.3)

We will first compute the divergent graphs and then show how they may be
absorbed into a redefinition of the fields and parameters in the lagrangian.

3.6.1 Divergent graphs at 1-loop

In this section we will compute directly using the bare lagrangian.

Let’s start with the todpole:

—O = _%”1[6726] (mg) (3.6.4)
_ @ —1 (m2)2—er<_2+6)
T2 (4mr)3—et 0 (

ixo (4m)PT(1 + e)mg(mf)

T 20m3 e(1- o) (3.6.6)

2
ST N S B )
=—ig 2(47r)3m0 <6 + 5 ~E + log (47) — log (mg) +(’)(€)> )
(3.6.7)

(3.6.5)

We can analize the bubble (where we use the Wick rotation and the
Feynman parametrisation):

. 2 1
—O— _ _(M;)/O da 2T (—a(l — a)p? +m2)  (3.6.8)

—_ =

p
B 2(2?)3 (1 (—mg + p;) + O(6°>> (3.6.9)

for the term O(e) see Mathematica. Now we can see that the divergence
has a kinematic dependence, so changing dimension change the kinematic
dependence.

For the triangle we have:

-3
Q3 ¢

— (—i 3
\i)?’ = (=id) /k D(k,m)D(k — p1,m)D(k — p1 — p2,m)

(3.6.10)
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we can use the relation (3 point function, so 3 Feynman parameters):

25 1—0&1—0&2—0[3)
.6.11
ABC /H alA + aoB + 0430) (3 6 )
so we have: .
—aq
= .6.12
)\0/ dal/ dOéQ/ Ag) (3 6 )
where we write:
Ag = mo (1-— al)alpl (1- 042)042])% — 201 09p1 - P2 (3.6.13)
SO:
1 1—aq 6—2
= —iA32 / doy / don T 29(Ag) (3.6.14)
0
1—aq
= (—iXo)(— z)\2 )T fF / dal/ dag AS€ (3.6.15)

expanding up to O(€%) is quite difficult in closed form (polylogarithms with
complicated avgs) keeping just 1/e is quite simple:

2

—i 2
- (2(2723?0 (1 + 0(60)> (3.6.16)

and again see Mathematica.

3.6.2 Counter-terms and the renormalized lagrangian

The todpole divergence is absorbed into the vacuum expectation value as in
the d = 4 case, imposed by introducing a linear counter-term matching the
todpole graph:

—(O)+ —® =0 (3.6.17)

N——
x<d(¢)

where the counter term introduces a linear term in £. The bubble divergence
has changed it’s functional form and is no longer absorbed by a simple mass
shift (because now we have a kinematic dependence). We saw:

—(O— ~ <_mg + p62> % (3.6.18)

The first term can be obtained via a redefinition of the mass and a mass
counter-term ~ dm2¢2. The second term can be obtained from a redefinition
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of the field ¢ and a counter-term ~ 9,00 pd¢. These re-definition are called
mass and wave-function renormalization respectively. This can be written
clearly introducing renormalization constant Z,, and Zy:

mg = Zymmbk (3.6.19)
60 = \/Zsor (3.6.20)

where:
Op = Zy — 1 , for x=m,¢. (3.6.21)

Applying this transformation to the lagrangian leads to:

1 1 1
L= S 0u0R0" bR — MOk + Lint + (1 = 29) 50u0RO" Or—
| S ——

5—0o
1
— (1= ZmZy) §m%¢% (3.6.22)
03
from which we obtain, renaming:
(5(]5 = 52 ; 53 = (ZmZ¢ - 1)

a counter-term Feynman rule:
——@®—— =i (0p® — d3m7) - (3.6.23)

The renormalization constant can then be fixed at 1-loop via:

—(O— + %(?% = UV finite (3.6.24)

for all values of p? and m%.

We still have to deal with L£;,; and the renormalization of the coupling
and absorbing the vertex divergence.

The vertex divergence The divergence in the triangle function requires
another counter-term that can be obtained through a redefinition of the

coupling:

A
Xo = ZaApiS [[nf]] =0 (3.6.25)

where pg is necessary to keep Ar dimensionless. So we have:

1
Lint = 5/\0¢8 (3.6.26)
)\ €
- f;j‘R AV (3.6.27)
N | I— |
=Z1=1+01
)\ €
= 2R (1 4 58 (3.6.28)

3!
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This is charge renormalization and leads to a new counter-term with Feyn-
man rule:

= —i)\leél (3.6.29)

which can be fixed (at one-loop) using:

(1)
+ = UV finite. (3.6.30)

NB. We have 63 = 6,, + ¢ + 6104, using d4 = 2, but the product term
is always of higher order in perturbation theory than the linear terms so:

o) = of) — V) (3.6.31)
62 =68 — oY — a§VsV (3.6.32)
we also have that:
3
2 =272 — &) =" - 555;). (3.6.33)

3.6.3 (MS) renormalization constants at 1-loop

We know have all the ingradients we need to complete the computation of
04, 6m and 6. Explicitly:

—()>— + ——®—— = UV finite. (3.6.34)

that implies:

iINZp% (47)T(1 + e) o PP\ (2 1) 9

—Tr
so we have:

o0 = NRbE L (3.6.36)

27 T o(4m)3 " 6e w

2 ,,2¢

(1) _)‘RIUR 1

0y = 2(47r)30p6 (3.6.37)
and:

2
1 + = UV finite (3.6.38)



34 CHAPTER 3. A\¢? theory at 1 loop

which implies:

ey ArbE (] ey s()
(_Z)\R,UR> 2(47‘(‘)3FF E —i—(—z/\R,u,R)él =0 (3.6.39)
which gives us:
)\2 2¢ 1
1 H
5§L:_2aﬁgap<e>. (3.6.40)

Back in terms of 5;1), 5% and 5&1) we have (with Ny = A4u%or/2(47)3):

1 1 5
A Tm € + 6e 6e (3.6-42)
1 3 1 3
wolsW o 2 2 (1) _ 2 3.6.43
ATA e 2 Ge 4e ( )

3.6.4 Other renormalization schemes

For on-shell and momentum subtraction (M OM ) we impose a stricter contid-
ion that determined the finite terms. Since there are now 3 renormalization
constants we must find an extendeded set of condition. These are:

lim Do r(p?, m%; ko, ks, p%, A%) = iff " (3.6.44)
P2z
. Olap
| =1 3.6.45
p21£1>1:v 8}?2 ( )
with z = —M?2 for MOM and = = m}%hys = m% for the on-shell scheme.

In MOM and M S schemes we must also derive the relation between m?%
and mihys. For k, we impose (with the minus sign for convetion):

. . 2 2 2\ _
lim G3,R(p17p2aklaMR)mR))‘R) - _)‘phys (3646)
value where
Pi™ Xphys measured

for the on-shell scheme and (for example):

lim G r(p1,po; k1, uh, My, AR) = —AR (3.6.47)

Pi—Psym

for the MOM scheme (no quantum corrections to the vertex at p; = psym).
The symmetric point is defined as:

2 M?

e.g.:
p3 = (p1+ p2)? = pi + 3+ 2p1 - pa- (3.6.49)
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3.7 Renormalization scale dependence

Having fixed the 3 scheme constant k; with the conditions on I's, BQFQ and
('3, we have determined mp and Ag in terms of same fixed values (%hysical
measurements) Mphys and Appys but the dependence on ,u% remains. This
is a feature of the re-organized renormalized perturbative series. Eventually
it must be that the dependences goes away as we sum to all orders - the
lagrangian after all has no changed:

L(¢0, mo, Ao) = L(PR, MR, AR; UR) (3.7.1)

which means the bare correlation functions do not depend on pugr do not
depend on up:

Go(p1,---pni M) = FT (0] T'[¢o(z1)¢o(x2) - - . 1(0)) (3.7.2)
— 22" (s M) FT((0] T[o (1) o () - . 110))

(3.7.3)

= ZZ/Q(“Ra Ar(LR)GR(P1. - -, Pui AR (1R), 1r)  (3.7.4)

where with F'T" we indicate the Fourier transform. So the ugr dependence of
Gr must cancel exactly with the ur dependence of ZZ/ % In other words:

_ 0 a0 (a2 9
0=5.-Co= 5.~ <Z¢ )GR+Z¢ 5 Cn (3.7.5)

We will explore the conseguence of this scale dependence when studying the
renormalization group.
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Chapter 4

Loop integration methods in
dimensional regularization

In this chapter will expand on the techniques used in chapter §3 and develop
methods need to continue our discussion to gauge theories.

We will study Feynman and Schwinger parameter representations of
one-loop integrals in dimensional regularisation. We will found on all-loop
parametrisation using F' and U Symanzik polynomials. Also, we will study
the tensor reduction in parameter and momentum space, to conclude defin-
ing che Clifford Algebra for d = 4 — 2e.

Further reading:

e Scattering amplitudes in QFT [chapter 4], Badger, Henn, Plefka, Zoia
(Springer 2024), https://arxiv.org/pdf/2306.05976.

e Feynman Integrals [Comprehensive: 800+ pages|, Weinzierl (Springer
2022), https://arxiv.org/pdf/2201.03593.

Note. In this chapter, as the previous one, we will represent the Feynman
diagrams for scalar fields with solid lines, and not with dashed.

4.1 Feynman and Schwinger parameters

We came across 3 examples of Feynman parametrisation. We saw:

1 ! 1

AB /0 o T BA— )P (4.1.1)
1 ! 1

AR 2/0 oo T B = a)P (4.12)

1 1 l—ay 1
—_— 2 d d 4.1.3
ABC /0 al/o a2 [AOQ-FBO[Q-FC(l-O[l —Ckg)]3 ( )
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but we can write the general version:

LT 1”1 RGP VLON
T A7 = / H dey; 5 D) (4.1.4)

which is valid also for non-integer v;. A similar transformation is provided
through Schwinger parameters:

TR I
= r(u)/o dt /L exp{—tD}. (4.1.5)

The 1-loop bubble example, so (3.2.3), becomes (performing at some point
the shift & — k + top/(t1 + t2)):

Iél)[d] _// dtl/ dts exp{—t1D(k,m) — t2D(k —p,m)}  (4.1.6)
kJo 0

= /k/t eXp{—(t1 +to) (K* —m?) — tltlftQpQ} (4.1.7)

:/k/tl exp{ (ak® +b)} (4.1.8)

where we write:

tita o

a=t;+ty b:mz(t1+t2)—t1+t2p. (4.1.9)

The integral over k can be performed after a Wick rotation:

] :Z/t/k exp{ —ak2} exp{b} (4.1.10)

= 047:)”’/2 /t exp{b}a~? (4.1.11)

which we can see the exponential doesn’t depend on the loop momentum.

4.1.1 Tensor integrals with Feynman /Schwinger parameters

This is very important in gauge theories where we will find loop momentum
dependent numerators, Which require further analysis. We did find one case
already in the case of 3 O3 for ¢% although it was handeled in an easy
manner. Let’s try the example again using Schwinger parameters; we define:

([]u

4.1.12
/ D(k,m)D k p,m) ( )
now if we perform the shift to complete the square of the argument of the
exponential:

k — k+top/(t1 + t2) (4.1.13)
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that we used to put the denominator in standard form also affects the nu-

merator so:
7
(1) dlp
il // ( t1 +t ) exp{ak® — b} (4.1.14)

- L a2 el 4.1.1
- /it1+t2 (47r)d/2a exp{=b} (4.1.15)

where we performed the rotation and integrated over kg and have used:
/k“ exp{ak®} = 0. (4.1.16)
k

The parametric integration seems more difficult, but we can use the symme-
try1 in t1 < to to write:

Wl _ P! / 2 t T
I -2 b 4.1.17
2 2 i <t1 + 9 + t] + to (47T)d/2a GXp{ } ( )

P!
= 312(1)[ !, (4.1.18)

We define the tensor rank of a Feynman integral as the total power
of all loop momenta in the numerator of the integrand. As we increase the
tensor rank we encouter new loop momentum integrals; some examples are:

/kexp{ak‘z} = )d/2 a”? =k (4.1.19)
/k” exp{ak®} =0 (4.1.20)
k
1
/k“k” exp{ak®} = ——g¢"'k (4.1.21)
k 2a
/k’“ ... kPritexplak®} =0 ne”Z (4.1.22)
k
H2n
/kk”1 e exp{ak:Q} =— Zg‘““ /k kulkiz exp{ak2} neZ.
(4.1.23)

In (4.1.21) the metric tensor is the only tensor we can use, over performed the
integration, to give tensor structure (I, after the shift, depends on p?). We
have this last case (4.1.23) as an exercise though it’s simple to prove (4.1.21):
firstly we need to identify a basis of tensor structures (after integration).
There are no external momenta so there’s only one tensor structure g"”:

/ KMk exp{ak®} = Agh” (4.1.24)
k

'If T associate t; to the other propagator and t» to the remaining and reperform the
computation, we obtain the same prefactor but with ¢; <> t2.
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where A is a scalar form factor. Contracting on both sides with g,,, and
using ¢"" g, = gl = d gives:

dA = //-c2 exp{ak?®} (4.1.25)
/ exp{ak?} (4.1.26)

= aa/kexp{akZ (4.1.27)

- % <Wéclﬂla_d/2> (4.1.28)

_ _gimadn (4.1.29)
dA = —%n (4.1.30)
A= _%ﬁ (4.1.31)

as previously stated.

Similar expressions are obtained using Feynman parameters after follow-
ing the same steps. For example:

I i
Dk / / r +O‘p (4.1.32)
= pH / dozozTQ[d](A) (4.1.33)
0
and: "
(k" + ozp“ V(Y + ap
/ / N (4.1.34)

Exercise 2. Show that we may write the rank 2 tensor bubble inte-
gral as:

v ' e
OV = /0 daa?T{" () +9" > /0 do (T{(2) + AT (2))
(4.1.35)

where:
A= —a(l —a)p? +m?. (4.1.36)

You can also may use the result:

KR 1, 1
fwm- e .
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Exercise 3. Write down the general tensor decomposition for a rank-
4 tensor tadpole:

Tr[Ld]m'"M(A) _

kML LH2 13 foHa
/ LA (4.1.38)
k

(& = )"

4.2 Multi-loop parametrisation and Symanzik poly-
nomials

For the Symanzik polynomials you can see Bogner and Weinzierl’s article.

It is possible to find a general parametrisation for any multi-loop graph
in which we can perform the integration in k!', but leave integrals over Feyn-
man/Schwinger parameters. Let’s consider a 2-loop graph with n denomi-
nator defined through:

D; = D(gi,m;) = q2 —m? (4.2.1)
¢ = Nigkly + oup) (4.2.2)

where k:;‘ are the loop momenta (j = 1, 2) and p), are the indipendent external
momentum. We define:

1
12 — / —_ 4.2,
" k1 Jko H?:l DZ ( 3)

The combined argument of the exponential after introducing Schwinger pa-
rameters x; for each D; is ), x;D; which we may decompose according to
the loop momentum structures.:

Z(I}iDZ‘ = ki“Mijk;-j +2 ]{:Z“Qf +J (4.2.4)

kT Mk ETQ=QTk

where:

e M is a geometric symmetric 2x2 matrix depending on the Schwinger
parameters x;.

e Q! is a vector linear in p}’ with coefficient dependent on ;.
e J is a scalar quantity depending on momentum invariants and z;.

As a concrete example we can look at a two-loop propagator graph (e.g.


https://arxiv.org/pdf/1002.3458v3
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in ¢3 with all equal masses m; = m):

3 1
/452 kl
- r - r
5 k1 + ko
ko +p ki—p
4 2

The matrix M can be written simply following the propagator dependence
on each Schwinger parameter:

M= (””1 + o2t T 5 > . (4.2.5)
x5 T3+ x4+ 5

Linear dependence of ki /ks camess only from propagators 2 and 4 so:
QY = {—plxzg, plas} (4.2.6)
and J contains all mass dependence and p? terms:
5
J=— (Z mz> m? + (zo 4 24) p°. (4.2.7)
i=1

From the general form (4.2.4) we can "complete the square" in k, we do that
in 2 stages: first diagonalize M, then shift it using Q.
First step: A general symmetric 2x2 matrix is:

M= <‘CL g) (4.2.8)

completing the square in k1 can be performed via transformation with unit

determinant: y
1 —c/a
A= ( 0 1 ) (4.2.9)

where, with k = (k1, k2), we have:

k= Ak’ (4.2.10)
so this implies:
K'ME = (AT M(AK) (4.2.11)
= (KNT(ATMA)E' (4.2.12)
= (k"' Dk’ (4.2.13)
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with:
= ATMA = <g dt({)M}> : (4.2.14)
a
Second step: absorb the linear terms in k; via a transformation:
E=k"—A'M1Q (4.2.15)
so the exponential’s argument after stage 1 transformation:

(k"\TDE' +2QT Ak +J = (4.2.16)
= (k"Y'DE" — (K")TDA'M'Q — (A"'M~'Q) DE"+
+ (A—lM—IQ‘)TDA—lM—IQ+
+2QTAK" — 20T AN MG + T (4.2.17)
= k"DE" +J - QTM'Q. (4.2.18)

Both steps can be combined so that:
kK" =Ak—M'Q (4.2.19)
and the argument of the exponential is written as:
[[iD: = k" Dk + g (4.2.20)

where:

u = det{M} (4.2.21)

which is the first Symanzik polynomial, and:
= (J=Q"MQ)u (4.2.22)

is the second Symanzik polynomial, and last:

D= (8 u(/)a> . (4.2.23)

The transformation has separated the loop integral so we can perfomr the
integration:

@) _/del exp{ }/ exp{ak%}/kz exp{%k%} (4.2.24)

:< M) /deZ exp{ }ud/2. (4.2.25)
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We may change from variables z; (in 0,00) to «; (in 0,1) by inserting:

1= /O dré </\ - ;%) (4.2.26)

and rescaling each x; = Aq;, so:

n

d F
2)[d] _ | | ) n—d —d/2
I1(1)[] < d/2> / da; 6 ( E 1)/ : A exp{)\u }u /
=1

1=

(4.2.27)
using the change z = —A\—
u
i 2 1 n d—n 42
:<(47r)d/2> F(n—d)/o il;[lda“S(l—Zaz) <—> u
(4.2.28)

n—3d/2

:<W>2F(”_d)/m5<l_zai)(ulm)”c" (4.2.29)

By following the same procedure we can derive a general multi-loop expres-
sion valid for arbitrary powers of the denominator.

Exercise 4. Show that a general L-loop Feynman integral with n
internal lines may be written as:

2m) ng 1 D(q5,m;)"s

_ ¢ LF(Z;; Vi_L%)
(4m)d/2 [[2: D)
n—(L+1)d/2

X /a 5 (1 - Zaz) ?_F)TL/Q (4.2.31)

i

L d
IDW, L, /H iy 1 (4.2.30)

X

where u and F' are the Symanzik polynomials. More details on
Weinzierl Feynman Integrals.

Let’s see an example. The sunrise/sunset integral (massless propaga-
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tor):
ky
o m o
k2
where we have:
5 ) T3 ‘ I
M= ( T3 T2 +x3> ’ Q= ( T3p T3p ) (4.2.32)
J = zap® (4.2.33)
s0:
u =212 + 123 + To3 (4.2.34)
F = p’zizams (4.2.35)

that implies:

3
-2  L(=1+ 2e) o
Ifg,s)lgnrise] = (47_‘_)4726 ;l_{ dml 6(1 — T — T2 — $3)(—p2$11}2$3)1 2 X

X (1‘11‘2 + Zox3 + 33‘1.7}3)_3(1_6) (4.2.36)
where, if we want, we can use:

—T(1 + 2e)

(=14 2¢) = 5e(l = 20)

(4.2.37)

Direct integration in Feynman parameter space requires a bit of thought.
The 1/e pole is quite easy since we may expand the integrand around e = 0.
The kinematic dependence can also be factored out:

(2)[4—2¢) Cr ? 2\1—2¢ 7(2)[4—2¢]
I _ (—p2) %1 (4.2.38)

3,sunrise (471')2_6 3,sunrise

where we have to remember:

(1 —¢€)?T(1+¢)

Cr=""Fa 29

(4.2.39)
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and the normalized integral is given by:

iou-2q _  T(1+2¢) =
I3 sunrise = m 5 I—Zx@ T1T2w3) X

X (x120 + 21223 + $2$3) 3(1—¢) (4.2.40)
1 13 15 (865 3.3 o
T2 8 16°¢ 32 2%
1 4
(521 - §<3 - ”) &+ O(eb). (4.2.41)

One quick method to check this is numerical integration with many digits
plus fittin to an ansatz of trascendental numbers (PSLQ algorithm).

4.3 Passarino-Veltman tensor reduction

We have already seen how to deal with higher rank numerators in Feynman
or Schwinger parameter space. There is a more direct method to perform the
reduction in momentum space and to determine a basis of Feynman integral
at 1-loop. The principles are to:

a. Identify a basis of possible tensor structures after integration using pf’
external momentum and g"” metric tensor.

b. Contract the tensor integrand (in d-dimension) with each element of
the tensor basis to construct a linear system of equations for the form
factors.

Example: rank 1 bubble. We have:

Iél)[d][w:/kp(k,m)g?kp,m) (4.3.1)

= byp# (4.3.2)

where we applied the step a indicating b; as form factor and p* the tensor
basis. Note that we use [k*] as a slightly more general notation indicating
the numerator.
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If we apply the step b:

FOE T (4.3.3)

/D - k — (4.3.4)

/lD(k: n(n]z sl (/fk p;?, m) +p’ (4.3.5)
-5 / Do

. /D D (k — )) (4.3.6)

where the first and second term cancel out after a shift integration k — k+p
in the first one. Finishing the calculation:

1
1) = otV (4:3.7)
so we find: 1
b= 3 V). (4.3.8)

We can also write these steps graphically:

k
/\C ] = 101 (4.3.9)

then:

k
N
— k= (4.3.10)
N
k—p

- —w-;—(_—n
+ 1’22 —( —m (4.3.11)

where —<— indicates a cancelled propagator. We also have:

k
< > 6 3 1 (4312

k P
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where to write the last loop we shifted the loop momentum. We have also:

k
ﬁ ] = 3 1] (4.3.13)

b= C [1]. (4.3.14)

The principle is straightforward to apply to higher rank and higher multi-
plicity integrals though the expressions can become quite lengthly.

Example: rank 2 tensor bubble. We write the tensor basis:

o
N>

(kK] = boog"” + brip"p” (4.3.15)

so we need to determine two form factor, and now contract with:

k
gul/ . Q [kQ] = db()() + bup2 (4316)
N

~~

= ; ; (1]

(4.3.17)
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and the second element of the basis:

where if we shift k& to keep on second term then cancel the last bracket, so:

{}
—2 ﬁ [D(k:,m)]). (4.3.22)

We define:

[D(k,m)] = /k ek 0 (4.3.23)
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so we can perform:

2 _ 2
G R e (43.24)

(k+p)* —m?
= —_— 4.3.25
/’; kQ _ m2 ( )
k* —m? k-p 9 1
— [ 2T g P _
/kkz—m2+ /ka—mQ_'_p/ka—mQ
(4.3.26)

=p? {} 1] (4.3.27)

that implies:

1 1
Oy st 29

So we have determined a system of equations for byg and byy:

(€ B )G )| "]
—O— 1)

so to determine the coeflicient we need to invert the matrix:

(boo) _ p2(1 <P2 —P2> < m22> AL (1] (4.3.30)

b1y d—1)

(4.3.31)

Worked example Perform the tensor reduction for rank 1,2 and 3 triangle
integral in the massless limit with kinematics:

pi=p3=0 ; p3#0. (4.3.32)
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We define:
N
BN = 4.3.33
s W w D(k,0)D(k + p2)D(k — p1) ( )
2
= kT 3 (4.3.34)
1
where we have:
N = (ko kPghe fraghzghs) (4.3.35)
The solution is:
2
2
AN
i 3
/3
1
with:
D={k, (k+p)?, (k—p)?} (4.3.36)

at rank 1 we have the tensor basis {p/’,p5} with form factors {c1, ca}, so we
form the system of equation form:

kopr=z (K = (k—p1)?+pi) (4.3.37)

N =N

k-ps= = ((k+p2)?—k*>—p3) (4.3.38)

in addition take pg =0

= C2P1 P2 (4.3.39)

N

=C1P1"p2- (4.3.40)

2 2
%3 %3

1 1

2 2
%3 }3

1 1
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Let us look at this integral to start:

2
k + po
_ P2 N -0
3 = =
SO
1

so another scaleless integral. We can see:

2 k+ po
P1+Dpr N\
3 = 407 = Iél)[d}((pl + p2)?)
NN
1 k—p
where:

(p1 +p2)? = 2p1 - p2 = p3 = s3

which is invariant. In this way we get:

SO we can write:

1 b3
fereah = —{1.-1) {}

At rank 2 we have the tensor basis:

1
{9“1“2 N RN S 5(13’1“13’52 +p’1‘2p‘2“)}

with form factors:
{coo , c11, c22, ci2}.

(4.3.41)

(4.3.42)

(4.3.43)

(4.3.44)

(4.3.45)

(4.3.46)

(4.3.47)

(4.3.48)

(4.3.49)
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Contracting with g, ,, is quite easy:

(4.3.50)

(4.3.51)

(4.3.52)

(4.3.53)

(4.3.54)

2
3 =dcoo + p1 - p2c12
1
1
= dcgp + - 53C12
2
contracting with p1,,p1,, gives:
2
3 [(k-p1)’] = (p1-p2)’can
1
1
= 183622
2
1 2
- 3 *(Dg — Dl)
4
1
2
1 2
1
2
1 2
= 3 Z(k +p1)7| +
1

N | =

(4.3.56)
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but the last graph is scaleless:

2
%3 B S
1

We have:
2
1 1 1
k24 k- “pt=0
3 1 + 5 p1+ 4p1 ]
| I—|
1
2
1, 2
= 3 + 57 {} k=0 (4.3.58)
1

2 . kE+pi+p2
— D2
P3N
1 — 1
3 [41#] _ Q [4(k: + p2)2] (4.3.59)
k +p1 \_/
1 k
k —ps3
) E}) Ps3 /\
-3 w50 — k]
4 2 v ©w
scaleless \];/

(4.3.60)

p3
- ipz p3 {} 1] (4.3.61)

where we saw a rank 1 bubble, ad we have:

2py - p3 = (p2 +p3)® — s3 = pi — 53 (4.3.62)

S3 ﬁ i : 1
§ = ZS%CQQ. (4.3.63)

so we get:
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The contraction with pa,, pa,, is similar and it gives us:

b3
§3 —> 1
g 467 = 18§C11. (4364)

The contraction with 3 (p1,,p2u, + P1usPay,) gives us:

g 407 = 583600 + §83012. (4.3.65)

We can see all the equation ad a matrix equation.

b3

M. E= 5{} (4.3.66)
where:
Co0 1
. c11 > 53/8
c= ; b= 4.3.67
o2 s3/8 ( )
C33 83/8
and the matrix:
d 0 0 s3/2
1 0 0 s3/4 0
M = 0 s2/4 0 0 (4.3.68)
53/2 0 0 s3/8
We can see we get:
1
P om
=] I | x {} (4.3.69)
283
d—4
(d—2)s3

where we can remember:

E’;
{} = 1V (59, (4.3.70)

At rank 8 the algebra is better implemented on a computer. the final re-
sultr however is relatively simple though the rank 2 bubble reduction formula
is required at intermediate stages. the tensor basis is (6 elements):

T = {g"#2p® + cyclic , g"#2ph® + cyclic

PUPEPY L phphrh? , P piPph” + eyelic | pi'ph?ph® + cyclic}

(4.3.71)
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in the only 1 basis integral as before, the form factors vector is:

¢={coo1 , cooz , c111 , €222 , Cl12, C122}- (4.3.72)

Solving the system results in:

1 d —d —(d—4) d—4 b3
527 _1 ’ 1 I ( ) ) X .
4(d — 1) s3 83 S3 S3

(4.3.73)

4.4 Clifford algebra in d-dimension

There are some subleties in the extension of the Clifford algebra to d = 4—2¢
dimension and the represantation of the v matrices.

Since we will deal with QED and QCD which are parity symmetric, the
issue will not arise, but for the EW part of the Standard Model we must pay
attention.

The Clifford algebra we have used so far, in 4 dimension, is:

{¥*, 4"} =2¢""1 (4.4.1)

where v are 4x4 matrices. If we extend our metric to live in d dimensions
we may derive identities such as:

Yy = %{'y“,’m} (4.4.2)
=g, (4.4.3)

=dl (4.4.4)
YV Y = =y’ + 297 (4.4.5)
= (2—d)” (4.4.6)

which will have to be applied to the numerators of the Feynman diagrams.
We don’t need an explicit represantation of v* in order to do this, but in
principle we should worry about it.

It is possible to construct explicit representations for v* is arbitrary di-
mensions, however the role of 75 in defining chirality only make sense in 4d.
But, what is 75 in d = 4 — 2¢?

SO(2) v matrices We have 7%2) that are 2x2 matrices where ¢ = 1,2. They
satisfy:

(7?2)>T = 722) (4.4.7)
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and we may choose:

0 1
o) = (1 0) (=0o1) (4.4.8)
0 —i
o) = (Z 0 ) (= 02) (4.4.9)
so that: ‘ ' )
{722),7{2)} = 26" 1o (4.4.10)
In even dimension we may define a chirality operation:
R 1
oy =5 <’Y<12)7(22) - 7(22)7(12)) (4.4.11)
-1 0

SO(3) v matrices The dimension of the 7 represantation is 2l9/2) for
integer dimension d where | - | is the floor operation which round down to
the nearest integer. So in 3d we have 3, 2x2 matrices satisfying:

{Fay sy b = 2072000 (4.4.13)
where:
V) = Ne) (4.4.14)
’7(23) = ’7(22) (4.4.15)
Ty = Vay- (4.4.16)

However there is no notion of chirality in 3d. Higher dimension represanta-
tion can be built from tensor products, i.e. d = 4 4x4 matrices built form
tensor product of 2x2 matrices.

SO(1,1) matrices In 2d Minkowski space the v matrices satisfy (with the
usual g = diag(1, —1)):

I3 _
Yoy H#=0
()= (4.4.17)
® Ny k=1
or:
() = vy (4.4.18)
Choosing:
1 0
= (5 &)= (4.4.19)

Yoy = (_01 é) (= 0a1). (4.4.20)
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We find explicitly:

{7?2)’7(”2)} = 29" 1202. (4.4.21)
We may also define a chirality operation:
1
23 0 .1 1 .0
T2~ 5 (7(2)7(2) - ’Y(Q)V(z)) (4.4.22)

— (? é) . (4.4.23)

The operator anti-commutes with ’yé):
{yé),fyé)} ~0. (4.4.24)
The 3d case is constructed analagously with the SO(3) example.

SO(1,3) matrices The Standard Dirac matrices in the Weyl basis can be
built from the SO(1,1) matrices:

Yy = ’7(2) ® Laa2 (4.4.25)
Moy =) @) (4.4.26)
Ty = Z’Y(z) ® 1y (4.4.27)
Ty =) ® ) (4.4.28)
in this way:

’AV?) - _Z’Y(4) (4 )7(24)7?4) (4.4.29)

and: e
Pr=—7 = (4.4.30)

4.4.1 ~ matrices in dimensional regularisation

If we were to think of representing the v in d = 4 — 2¢ dimension as an
oo dimension vector space we would not find a correct continuation around
d = 4. We need 5 to represent chirality in d = 4.

Therefore we keep the dimension of the spinor space to be 4:

{797} = 29" Laga (4.4.31)

where we have g = diag(1,—1,—1,...). We therefore keep the identities
for «#~, etc. as before.
Chirality is defined in 4—d hence:

40 =iyl vy (4.4.32)
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such that:
{+,4}=0 , pu=1(0,1,2,3)

but for © > 3 we must implement a commutation relation:

[7“76’5] =0 ;o p> 3.

This is the t Hooft- Veltman scheme.

(4.4.33)

(4.4.34)
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Chapter 5

Renormalization of QED at
one-loop

In this chapter, as the title says, we will see how to renormalize the QED. In
particular we complete renormalization of QED at one-loop though renor-
malization of A,, ¥, e and m. We will see the quantum corrections to EM
interaction and we will see g — 2 = a/(27), so the anomalous magnetic mo-
ment. Also, we’ll see the quantum corrections to electric potential (Uehling
potential) and the charge screening. Last but not least we will see how
gauge invariance, Z; = Z» and the Ward-Takahashi identity are related each
orther.

5.1 Lagrangian, Feynman rules and counter terms

Let’s see a brief rewiew of some things we already know before jump into
the renormalization of QED. We consider a general R covariant gauge.

5.1.1 Bare Lagrangian and gauge invariance

We know the lagrangian of our theory:
1 —.
Lopp = = Fuw ™ + Y(ID — m) + Ly (5.1.1)

where we have:

FM = gAY — 9" AV
DH = 9 + i AV

and we know is invariant under local U(1) rotation:
p — =y (5.1.4)
1
Ay — A=A, - gau. (5.1.5)

61
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The covariant gauge fixing term is:

1

ng = 2€

(0, AM)2. (5.1.6)

To derive the form of the photon propagator we take the terms in Logp
with 2 photon fields A*:

1 1 1 1
—ZF‘“’FW - E(@A“V =-3 <8MA,,6“A” — 0, A 0" AV + gauA“(?,,A’)
(5.1.7)
1 1
= §A“ <Dgw, - (1 - 5) (9“8”) AY 4+ surface term
(5.1.8)

where we have used integration by parts and removed surface terms from
the £. The Fourier tranformation of (5.1.8) gives us:

1 - -
S A My A (5.1.9)

where:

1
My, = —p*gu + (1 — §> Pubu- (5.1.10)

The photon propagator D, is defined by:

Dy (P, )M” 5 (0, €) = iguo (5.1.11)

so, as the inverse operator of M. We solve (5.1.11) for D, by first providing
a tensor decomposition:

@ PuPv
D#l/(p27£) = 3 <_g,uu+/8 MQ ) (5112)
p p
which can be inserted into (5.1.11) to find:
a=i , B=1-¢ (5.1.13)

We need to add contour deformation to avoid the pole on the real axis, so
the final expression is:

1
p? + "

Dy (p*,6) = (—g,w+ (1 —g)p;’;”). (5.1.14)
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5.1.2 Feynman rules

In this section we see the Feynman rules of the theory. We have the progators:

> 7
= —(p+m 5.1.15
T T e e (5..15)
Sver i (—g +(1- 5)””) (5.1.16)
1
. é . = —ievly (5.1.17)
@ B
plus the rules for external spinors and polarisations:
initial ; final (5.1.18)
p p
» Py = ua,s(pa m) 9 ———p = ua,s(p, m)
a a
(5.1.19)
p B p
< o Va,s (pa m) ; ° < = Ua,s(pa m)
« o
(5.1.20)
D p .

= —ielUs, (p1,m)¢(P3)vs,y (P2, Mm). (5.1.22)

5.1.3 Superficial degree of divergence

We know that the expression of the superficial degree of divergence is theory
dependent, so recalling how we derived (3.1.6), where d was the dimension,
L the loop order and n the number of internal lines; we may derive a similar
form for a graph in QED:

w(Torp) = dL — 2P, — P, (5.1.23)
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where P, and P, are the number of internal photons and electrons/positrons
respectively.

We may, in terms of external photon and electron multiplicity, E, and
FE., using the expressions:

L=P+P,-V+1 (5.1.24)

and:
V=2P,+E, (5.1.25)
=F. + %Ee (5.1.26)

just to write:

w(Tomp) = d+ <1;d) .+ (2;0[) B+ <d§4> Vo (5.1.27)

S0 in 4d is simply:
3
w(lgep) =4 — iEe_EV' (5.1.28)

Using the expression (5.1.28) we can see the divergent graph in the table
5.1.

r E. E, w(lggrp) | name

0 1 3 tadpole
2 0 1 electron self energy
WN 0 2 2 photon vacuum polarisation

® 2 1 0 vertex

040

Table 5.1: Divergent diagrams of QED.
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The treatment of the tadpole graph is different, and more straightfor-
ward, than in ¢ where it was necessary to re-define the vacuum expectation
value. There we can show the graph is zero e.g. at 1-loop:

u@ :_z‘eTr{w kM} (5.1.29)

1 k
= —jeTr{~* T eTr{AMAY "
e e ym [ s =i} [ s
=0 I_—OI
(5.1.30)

= 0. (5.1.31)

This property is valid to all loop orders, so:

= 0. (5.1.32)

There are two other graph to worry about it - the 3 and 4 v graphs. There
are operators for v self-interactions in the lagrangian, so it’s not clear where
to absorb the divergences.

The resolution is to see that divergences cancel between contributing
diagrams e.g.:

2
2 1
3 = jg:% + ED—:& + O(€9)
1 2
1
(

5.1.33)
=0 (5.1.34)

where with O(e®) we indicate the higher loops. For the 47 case we have:

& B A > v n permutations Lo (66)
B P (6 diagrams in total)
(5.1.35)
= finite. (5.1.36)

The 3+ amplitude result is a special case of a more general theorem:
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Teorema 1 (Furry’s theorem) Correlation functions and amplitudes for
odd numbers of photons are zero:

@ — 0, nez" (5.1.37)
3

2n +1

This theorem follows using charge conjugation symmetry.

5.1.4 Renormalization constants and counterterms

In terms of bare fields, couplings and masses we have:

1 1
£QED = §Ag <g,ul/|:| - <1 — 5()) QM&,) Ag‘f’

+ i) @o — motbotho — eothoAgibo.  (5.1.38)

We relate bare quantities to renormalized ones using:

Yo = \/ZyVr (5.1.39)
A = \/ZaAY, (5.1.40)
mo = Zmm (5.1.41)
Zee pits 4 ¢ (5.1.42)
eg = Zee = ——¢ 1.
0 RHR Zon/Za RHER
Z
§o = 7A =¢&r (5.1.43)
13
so that:
Loep = LQeD,R + LeT (5.1.44)

where we have:
1
Ler = §(ZA - 1)14%(59#1/ - auau) }V{‘F

+ % (Ze — 1) A10,0, A+
&R
+i(Zy — 1) pPvr — (ZmZyp — 1)mrY gYR—
— (%1 = VerpgYrArUR (5.1.45)
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and the term Lgpp, g which is invariant under gauge rotations:

vr — P =" @yp (5.1.46)
Ay — A=Ak — ! oO0(z). (5.1.47)

€

HRER

For the whole expression to be invariant requires:
Z\ = Zy,. (5.1.48)

The Feynman rules for the counter-terms are:

b
0 g = i(pdy — még)ﬂa (5.1.49)
where:
03 =ZmZy—1 , 0y =2y — 1L (5.1.50)
We also have:
p
m v
where:
0o =24 — 1. (5.1.52)
The last rule is:
1
. § . = —iegury" o1 (5.1.53)
@ B
where:
01 =27 — 1. (5.1.54)

We will show later that Z¢ = 1.

5.2 Divergent graph at 1-loop

The expansions of the divergent graph to one-loop are the following. For the
electron self energy:

= Su(m 521)
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For the vacuum polarisation we have:

p
ﬁ;14ﬂbwm% = I (p,m) (5.2.3)
:,WM4(:>m~w-+~m~@%~mm+-O@%.

(5.2.4)
The vertex correction is:
NN
@ po= T4, (p.m) (5.2.5)
'S
o’

g

5.2.1 Electron self-energy

Now we take, to start with, {g = 1 (Feynman gauge). We have:

k
E AR, L i(—k+p+mrlso , [ —iguw
P A =t G
—k+p

(5.2.7)

B o [ O*KE=p—mR)Vu)as
- R“R/k DOk OID0E - ) (5:28)

—dm
and we can define:
%

Iy mymy N1 = /k DUk D(h— poima) (5.2.10)
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so that:
p €
Doty =i [@ - dp o+ dme] ) - @ - a1 K
(5.2.11)
[(2—d) 1)[d 1)[d
= bt [ 5 (7 + 2B 00— 1)+
+ dleg}gjd]} (5.2.12)
where we have used the fact:
5K = pbr (p;0,m) (5.2.13)
d d
= 2?;2 ) + 0 =m0 ). (5.2.14)
The scalar integrals d = 4 — 2¢ dimensional are:
W2t T+e 5y
I 1| = 2.1
1,m [ ] (47T)2_€ (1 _ 6)6 (mR) (5 5)
_iCp 5 (1 B 9
= (an)? mp <6 +1—log(m%) + O(e)) (5.2.16)
and:
(D424, CT (1 ) m, P2
L5 o, [1]—(47r)2(6%—2—log(7711{)+(1—p2 log l—m—%2 + O(e)
(5.2.17)
where:
Cr =T(1+¢€)(4m)° (5.2.18)
and we find:
eF, = dma. (5.2.19)

We can conclude:

P (XY 1 0

L —i (M) (p— 4mp) -+ O(e). (5.2.20)
5.2.2 Photon vacuum polarisation

We can compute (with a minus sing for the closed fermion loop):

k
L Te{yilk + ma)”ilk — p + mn)}
= —(—te 2
u““@“”v = —(~ierpr) /k D(k,mp)D(k — p,mg)
k—p

(5.2.21)
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where we have:
Te{y(k +mu)r” (k= p+ mp)} = 4(208" — kg™ — iy~
—k"p! + k- pg"” + m%g’“’) (5.2.22)

so we need the tensor reduction for up to rank 2 bubble integrals. After
applying Passarino-Veltman reduction we find:

A o d— (1)[d]
A_pQ(d—l) [(d 2)Il,m 2mR+ 2 IQmm . (5.2.24)

with:

We can see that the bubble integranl is the same we used in ¢3 theory, so in
d = 4 — 2¢ dimensions on can show:

(s = (e () (-5 o)

(5.2.25)
You can find the complete results, with finite terms, in Mathematica exam-
ple.

5.2.3 Vertex correction

This computation requires considerable extra work and is necessary to fix
5%1). If we accept the result Z; = Zs, then we can avoid the computation,
but validating the result is an extremely good cross check. The one-loop

diagram is:

= —iepu§a(p2, mr)T W u(pr, mpg)

b1 k D2
(5.2.26)

where we have the conservation of momentum and (in Feynman gauge):

P8 — 3 (_ie / %ﬂﬂ? +mr)y" (F + py + me)n
AR D(k,0)D(k + p1,mr)D(k + p2, mg)

(5.2.27)
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A general basis for FZ P (p1, p2) would have 3 elements 'yg 5 Pi'8ap and phdas.
However, I'* satisfies the Ward identity:

I (p1, p2)p3u = I (p1,p2)(P1 — p2), = 0. (5.2.28)

As a result, I'* can be described in terms of 2 indipendent tensor structures.
The vertex descrives the elettromagnetic interaction and so it is useful to use
a tensor basis that exposes electric and magnetic properties (we will explore
the direct connection later). We can write:

Toiud
TH(prsp2) = Fiy + Fag——(=p1 + p2)u (5.2.29)
mpg
where: .
T —" NN (5.2.30)

2

and Fp, Fb are the electric and magnetic structure functions respectively.

Proof of I'* decomposition We start with:
el uy = aguoy"uy + a1p*usuy + asphusug (5.2.31)
we can change basis to (p1 + p2), and (p1 — p2)u, so:
wa'Muy = apuayHur + a1 (p1 — p2) ugur + az(p1 + p2) ueuy (5.2.32)

contracting with pf:

Ul pgur = =l - (p1 — p2)u (5.2.33)
= —agtia(p, — p,)ur — —aa (p1 — p2)*Uou1 — da(pf — p3)Uaus

(5.2.34)

=0 (5.2.35)

where we used the fact that the particle are on-shell, so the first term is zero
because are valid:

ﬂng = musy (5.2.36)
Pur = muy (5.2.37)

and the third term is zero since:
Pt =p3 = m%. (5.2.38)

So we have found:
a; = 0. (5.2.39)
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Now we can notice that:

p'usur = pypgHusu (5.2.40)
1

= opvuz{n”, 7" b (5.2.41)
1

hence:

W{ ", p, +p, fin (5.2.43)

% (yﬂpz + P+ 2mR'y“) w (5.2.44)

(p1 + p2)Fugus =

N =N -

and now we can expand the magnetic tensor:

7=, + By | (5.2.45)

_ (it ( o) _
U — v lur =
2 9mp P1 T D2 1 2

dmp

Us (7”?2 + plfy“ — 2mR’y“) up  (5.2.46)

4mR

1
= %(pl —I—pQ)Mﬂgul — ﬂg'y’“‘ul (5.2.47)

which completes the rearrangement.

The full computation of the vertex diagram is quite long. It’s useful to
try it in different ways.

Exercise 5. The UV divergence for a triangle topology can be ex-
tracted by taking k — oo at the integrand level. Compute the result-
ing integral using Feynman parameters to show that:

3

Tps

. _ a
= —iepuRU2Y U1 <4ﬂ_) =4+ 0(Y).

D1 P2
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Exercise 6. Perform the reduction to scalar integrals using the
Passarino-Veltman method to show:

_g_> + f3> L0 (5.2.49)

Q%p
where:
4m? 1+
B=\l-Tr + Be=T2t . (memP=Q (5250)
and: C 1
g i A i, (5.2.51)

(4m)2 4p1 - p2

You can also show:

4 2
FY = %CF% log (—gf) + O(e). (5.2.52)

Osservations. We can see in the exercises that F2(1) is finite, and this
is consistent with the vertex counter-term which is proportional to v*. The
finite terms in Fl(l) are more complicated - in particular the scalar triangle
integral which contains an IR divergence. This needs to be treated properly
before; an on-shell renormalization will correctly give Z; = Z5.

5.2.4 One-loop counterterms

In the MS scheme we can now determine the values for d1,dy,03 and d4.
We can see:
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but also:
p —4mp )
P i:j 4+ —»—X—»— = finite (5.2.55)
o (5.2.56)
¥ 47 €
m_ @~ (4 9
— 53 47TCF< 6> (5. .57)
and:
B LA (Ll § (5.2.59)
4 47 3€
From the constants we may obtain (since d; = dy):
1 o 2
W _—s0_ (X il
8¢ 534 (M) Cr <3€> (5.2.60)
and: 5
«
5 = s — 6 = (E) Cr <—€) . (5.2.61)

On-shell renormalization The Dyson renormalization electron propaga-

tor is:
1

p—mg + Zr(p, mg)
and we would like to ensure the propagator has no quantum corrections, so
X r = 0, at the physical pole, so mpg = Mmppys.
We may expand the self-energy X around p = mpg1 to obtain:

(5.2.62)

+(p — mr)SE F(p?, mE) + O((p — mr)?)

p=mr

Er(p,mr) = Zr(p, mg)

(5.2.63)

where:

SIWF (52, m3) = - S (p, ma) (5.2.64)

d
p o

So to completely fix d, and d;, in the on-shell scheme we must impose:

ZR(% mR) =0 (5.2.65)
p=mr

d

@ZR(p, mR) = 0. (5.2.66)

p=mr
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the photon counterterm can be fixed at zero momentum:

lim (H(pQ,m%)) =0 (5.2.67)
p2—0
and the vertex correction can be fixed to a mesurement at low Q2 (i.e. Thom-
son scattering):
. 2 9 .
Jim (TR(Q? mi)) = —iepnyr’ (5.2.68)

and note that low Q2 implies that we are far away from interaction point.

There is a subtelty regarding the on-shell scheme renormalization con-
stants in that the finite part of the vertex correction had an IR divergence
- the wave function renormalization condition (5.2.66) also contains an IR
divergence, such that we obtain Zy, = Z; as expected.

We complete this section with a couple of loose end.

Resummation of photon propagator For {r = 1 the (Fourier tran-
formed) 2-photon Green function is:

Guw(p®) = rndl + +
- + . (5.2.69)

—i9u | ~9u0 rrop ~9pv
= + IT P +
p? p? p?
+ e yyop e o 2bv (5.2.70)
p p p
If we take:
" = i(p2g“” - p“p”)H (5.2.71)
we get:
~ —1g 7
G/W = pgml + E (pQQuu - pﬂpy)H—
: 2 2.7 y 2
= 6 \P 9wy = Puby J\P 9y = PPy - + ... (5.2.72)

=p? <p29w fpupu)

—1

:pj(ﬁg;w—Pupy><1—1'[+1‘[2_|_‘_.) _ip,upu

p4

(5.2.73)

so we can resum the IT and get (summing and subtracting the same term):

. — 1
G = — <gW - Wo”) i Puly (5.2.74)

P p> ) 1+1  pt
| I— |

G;U/,L
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so we see that only the transverse part of the photon propagator is affected.
The longitudinal component, G, 1, does not contribute to physical quanti-
ties thanks to the Ward identity.

Proof that Z =1 We can show that gauge invariance dictates Zz = 1 by
studying the 2-photon Green function:

Gouw (0%, €0) = ZaGRuw (P, €R) (5.2.75)

where we can write:

p“p”) ! igo 2By (5.2.76)

~ )
G 2 &) =—— -
O,Mu(p EO) p2 <guu p2 1+ I, p4

~ _/l: 14 ]- . v
ZAGR,uV(p27§R) =74 (p2 (g,w — pgg > - zfgpgf ) (5.2.77)

where we can see the coefficient of g”:

1 Za
= 5.2.78
1+1Ip, 1+41g ( )
and the coefficient of pp” /p? minus the coefficient of g*:
§o = ZalRr (5.2.79)
but by the definition:
ZA
§o = 751% (5.2.80)
13
so we are only consistent if:
Ze=1. (5.2.81)

5.3 The interpretation of quantum corrections to
F; and F

The reference for this part is the Itzykson-Zuber [4] at page 347-349.

In this section we show the direct connection between electric and mag-
netic interactions and the structure functions Fy, Fh, by considering the
interaction between and electron and a slowly varying semi-classical photon

I
field A7
AG

q =
| = —ieppURY Y AL + - .. (5.3.1)
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By taking the limit ¢*> — 0, and the slow variation (g# ~ 8%) we can expand
the interaction as follows:

"

. L%+é+

= —ieRURU2 ('7u + FRM ;M
3 D" (¢) T, (4 mR>)u1A +0(e") (533)
= J, Al (5.3.4)

The interaction is described by an effective hamiltonian:
AH;p = / d’z J, A (5.3.5)

where J,, is the Fourier transform of j“. Let’s look at ﬁgfg)uul first:

_ _ T _
UQFg’)“lﬂ = u27uu1F1(’11)%(q2, m%ﬂ) + %UQO'MVUq(pl + pg)”FZ(}})z(f, m%)

(5.3.6)
where we can show:
) 2
Fl(ll)%(q2, m%) T (%) q (a + b(IR dlvergence)) (5.3.7)
I’ '7'[' R
WV, 2 2\ #230 (&
Fyrlq”,mp) — (E> 2. (5.3.8)

Note. Renormalization has explicitly removed leading terms (g*/m%)°
in the expansion of Fj.

We may also look at the second term propagator to I® in the same
limit, and find:
2

2 0 o q
@ mp) = (1) wgC (5.3.9)

7 D¥?(¢*) 1)
4 R

R,pou\Y

where C' is a constant. In position space we have:

<, B (5.3.10)
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so having examined the elements of jﬂ we may return to the expression for
AH;,; and show:

AH;p o €R/d3x {@%}Mﬁ (1 + (%) (a +C+ (IR divergence)) D) Al +
1 0" 1 —
_ . - v
+ <2 + (477)) Qde)a ¢Fd"”’}
where we have:
Fcl,uu = a,uAcl,y + &JACl,u- (5311)

Hint. One must use that terms with more than 2 derivatives vanish due
to the slow variation condtion of A, , and apply to Gordon Identity.

Remarks. The first part is clearly identified as the electric current. The
second term is the magnetic moment of the electron.

Recall F7 = €7%B;; and so:

AHjp; ~ (electric current) — B - [ R (1 + 23) 2/d3z¢;w} (5.3.12)
™

2mp
where:

. | er ( a ) 3 —0O
= 1+ —)2[d = 5.3.13
i= [ (14 )2 [ @] (5:3.1)
is the magnetic moment. From the Dirac equation (semi-classical) one finds:

- e
e o

= gDi — = 5.3.15
9Dirac <2m 2) ( )

where § is the spin operator and ¢gpirqc = 2. The first order correction to g
is therefore:
g—2=— (5.3.16)

which is Schwinger’s famous result (1948).
5.4 Interpretation of II(p?, m?) - the vacuum polar-
isation

The renormalization 2-point function IIg(p?, m%) has inplications for the
range of the elettromagnetic interaction.

If we consider a static photon:

=0 = ¢£= —\(ﬂQ (5.4.1)
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then for |g]? < 1 we have:
=0 4 g q’
(=g, mp) =" a y 0 (74 : (54.2)
Mmpg

The Dyson resummed propagator gave us:

XX+ W + ... (5.4.3)

where we have used a cross at the end points to show we are propagating
between two points far apart, i.e. |q]2 — 0:

. (—ier) ‘R
Yo = lim ———F— = AL 5.4.4
B TR T (5.4.4)

so the Dyson resummed expression is:

R

e o 2
i (rrmmam) = (1 () g +0)). 649

We can use this result to read off the potential betwwen a heavy nucleus
(charge —Ze) and an electron:

7 e
> o
electron
nucleus
V)= <1 + (E) 5z O )) . (5.4.6)

The correction to V(r) is called the Uehling potential and results in a charge
screening effect. We have that A(7) ~ 63 (7) but can be computed exactly
to be a distribution concentrated in a region:

1
r < — ~ X — the Compton wavelength.
m

So, for r > 1/m the vistual e*e™ pairs accounted for in I effect the medium
around the electron, reducing the effective electric charge. This effect is
known as vacuum polarisation, see figure 5.1, and the reference is Peskin
and Schroeder ad p.255 figure 7.8.

We can also consider the effective coupling at very small distance by
taking |q]*> > m% in which gives:

l72>m?% a4 2 m?
Hp(—|q%, m%) ety (E> . < 5+3log(|q| >) +(9<‘ |2> (5.4.7)
mp
@1 >m; a
= ac(la?) f = (5.4.8)
1 — 3= log ( o )
my
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Q 0
QQ@Q@
D end D

0 O

Figure 5.1

where:

A= exp{ (2) } (5.4.9)

So, we get arp < a at small distance.

5.5 The Ward-Takahashi identity
We have already encountered the Ward Identity of the form:
Abp, =0 (5.5.1)

for an on-shell amplitude A = A*e,(p). There is a stronger statement that
applies to off-shell correlation functions from which the Ward identity follows.
This is the Ward-Takahashi identity.

Take a correlation function with n eTe™ pairs and m photons:

Mu(pla"'7pn;Q1a'-'>QH;T17"'7rm)

where p; are incoming fermion, ¢; are outgoing fermions and r; are outgoing
photons. An incoming photon with momentum k* is inserted at all point
along the ete™ currents, denoted as:

®. (5.5.2)
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The Ward-Takahashi identity states:
q1 e dn
™
® =
T'm
qi —k
= — (5.5.3)

Di pi +k

We can prove this relation to all orders using Feynman diagrams, demostrat-

ing that it relies on cancellations between the diagrams.

Proof To start the proof we consider a fermion line with n photons at-

tached:
T1 T2 T3 Tn
—> —> —>
P=q q1 q={qn
where we have:
g1 =40 — "1

n
g=an=0qo— Y 7
=1

We then add on insertion of a new photon momenta k* denoted as:

(5.5.4)

(5.5.5)

(5.5.6)
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If we make the insertion, between photons ¢ and ¢ + 1, we will see:

—
qi—1 q; T q; + k Qi+1 + k

Hitlep  (5.5.7)

where we can write:

f=(g+F—m)— (4, —m) (5.5.8)
so we get
g, +m g, +k+m
= | 4 o Hitt 5.5.9
! (qf m? (¢ +k)? —m? (559)
T riv1 — k ri —k Tig1
¢i—1 4 ¢+ k di-1 %+k gtk
(5.5.10)

using a shorthand notation:
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we can sum insertions on adjacent propagators. We can write:

8

(5.5.11)

:

(5.5.12)

so we get (where with ® we mean the sum over all insertions):

(5.5.13)



84 CHAPTER 5. Renormalization of QED at one-loop

also we have:

p
+m +r+m
= (? )}é ¥ d ) (5.5.14)
p*—m?" (p+k)? —m?
r — k 1
k
- it AR (5.5.15)
p +?>— 1 pt+k—mr
and:
Tn
T”T Tn — kT
n—1 G an -1 qnj—) k
(5.5.16)
So we get:
é S G B N
v v
= — (5.5.17)
v q?k ka s
where:
qu—l—k—zm (5.5.18)

K3
¢=p-> n (5.5.19)
7

Note that if we apply the LSZ formalism to the correlation function and put
the external legs on-shell, the two terms cancel, recovering the Ward identity.

The relation is valid off-shell, so applies to any sub-diagram over a more
complicated multi-loop diagram. To complete the proof we must consider
insertions on internal closed loop, fermion lines.
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A closed loop with n-photons attached is written as:

71 79
1 T2 T'n
l( = Tr é ! § (. g f (5.5.20)
- e g
T

where r; are outgoing photon momenta and [/ is an internal loop momentum.
On the left hand side we have used to notation —j— to indicate the end-
points are the same. When we sum over all insertion point we can use the
same type of relations as before, only the changed momentum conservation
conditions results in the final two contributions cancelling. We have:

1

I % "2
. -
® —
T3
=Tr g > g > § —Tr é > § > § = 0.
Ik e

(5.5.21)

Equation (5.5.21) is verified performing the shift [ — [ — k, with we have:

Tr § > § > § =Tr g > g > § . (5.5.22)
[k N

Equations (5.5.17) and (5.5.21) are sufficient to prove the general relation.

It is interesting to consider a special case of the Ward-Takahashi identity
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for the 2-point electron self energy:

p+k

—eR @ p+k

(5.5.24)

The two point function is:

e e S(p) (5.5.25)

while the vertex function appears on the lefthand side as:

I

J
=

p+k

S(p)< —ierT(p,p + k)/c“) S(p+k)  (5.5.26)

remembering to add external propagators for the correlation function.
Multiplying the inverse propagators leads to the relation:

—ik, T (p,p+ k) = S p+ k) — S~ p) (5.5.27)

as we take the k — 0 limit we identify the renormalization constants Z; and
Zw:

Th(p.p+k) =% Z7 'y (5.5.28)
iZy,
hence:
—ikz{t = —ip+ B2~ (~ip) 2" (5.5.30)
that implies:
Zy = Zy. (5.5.31)

So the Ward-Takahashi identity is directly connected with the gauge invari-
ance constraint, that identifies Z; and Z,.



Chapter 6

Renormalization of QCD at
one-loop

In this chapter we will show how too organize SU(N )¢ colour algebra, we
will introduce the spinor-helicity formalism to find compact representations
for on-shell helicity amplitudes. There will be an hidden simplicity in QCD
at tree-level.

After that we will perform the computations to fix 61(;;, 57%7 5S) and 5%1)

sufficient to fix 55(,?. We will see a sign flip respect the result of QED.

At the end we will analyze further divergent graphs that can be used to
validate structure.

6.1 Lagrangian and Feynman rules

We will consider an SU(N.) gauge theory with n¢ quark flavour trasforming
in the fundamental representation. The gluon field A}, is quantized in a
covariant gauge using the Fadeev-Popov method which introduces the ghost
fields ¢, that are scalar satisfing fermionic statistics. The complete field
content is:

wqai quark field q=1,... , If (ﬂavour)
a=1,...,4 (spinor)
=1,..., N, (color)

AF® gluon field w=0,...,3 (Lorentz)
a=1,...,N*—1 (color)
¢ ghost field a=1,...,N?>—1 (color).

87
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The bare lagrangian is:

ng
1 . — .
L= 1 + Zl Yogai (Po = M0g) 10 Y0gjo—
o
1
~ 3¢ (OuAR") (D, AF") + "G DGh (6.1.1)
where:
F(;)wa _ auAga o ayA,(t)m o gsofabcAlOibASC (6.1.2)
wgz’jaﬁ — ’YZBDOMU (6.1.3)
Dfy; = 0"8ij — igsotf; A" (6.1.4)
Duab _ 8u5ab _ gsofabCANC. (6.1.5)

with f¢ the SU(N.) structure constants, g, the bare strong coupling con-
stant and ¢7; the fundamental S U(N,.) generators. We can also remember the
Feynman rules, using implicit spinor indices and subscripts for bare quanti-
ties:

P i(p +mg)dij (6.1.6)
i j D(p,mq)
p —jgab Pup
a oo b — g — (1 — &)=L= 6.1.7
FRLLELILL D(p, my) g — (1 =8) 2 ( )

igsti;y" (6.1.8)

_gsfawzas [g,ulm (Pl _ p2)ﬂ3 + guzus (p2 _ p3)u1_|_
+gM3i (ps — pl)“"’]

(6.1.9)
ig? [f12bfb34(913924 ~gMg?) g

I8 phRA(g1230  g14023) 4 (6.1.10)
M 2313024 912934)}
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p - cab

_r 10

6.1.11
w
gsf%%p,. (6.1.12)
,,,»,, ,,»,,,

—>

p

6.1.1 Color algebra

SU(N,) color factors are a new feature of QCD diagrams. We must simplify
them using SU(N,.) color algebra:

Tr{t“tb} - %5“" (6.1.13)
Te{t"} =0 (6.1.14)
[ta,tb] — jfobese (6.1.15)
all of them bring to:
Fobe — _9; Tr{ [ta,tb] tC}. (6.1.16)

Note that the general relation for (6.1.13) is:
Tr{t“tb} — TRED.
We can use the basic properties to prove the Fierz identity:
aje 1 0;10 L 0;50
or the Jacobi identity:

f12xfx34 + f13xfx42 + f14:cf:r23 —0. (6118)

By repeted use of these properties we may reduce onto a basis of color factors.
For example, consider to color factor for the quark self-energy that we will
need later:

N s A 19,0, (6.1.19)
k
1 1
_ % <Nc - ;) 5 (6.1.21)

= Opdy; (6.1.22)
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where we identified the fundamental Casimir of SU(N,):

N2 -1
_ ' . 1.2
Cr o (6.1.23)

It is possible to apply the color algebra graphically as well. If we use the
Feynman diagram to represent only the color factor then:

J
a =t (6.1.24)
1
b
a — fabe (6.1.25)
&
etc. (6.1.26)
The Fierz identity then reads:
_ ! ! (6.1.27)
2 N, o

from which we can connect the lower quark indice to make the self energy
color factor:

1 1
ifwie =3 Q - N (6.1.28)

Q = N, (6.1.29)

S _ % (Nc _ ;) e (6.1.30)

= Cp —e—— (6.1.31)

where:

SO:
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6.1.2 Tree-level amplitudes and spinor-helicity method

Having arranged color factors it is also worth noting how we can compute
compact helicity amplitudes for the remaining kinematic components. We
will introduce the concepts by means of an example: gggg scattering. There
are 3 tree-level Feynamn diagrams (mq = 0):

2 —<—90990 3 2 <4 3 2 AN A 3
A= A+ Aii%i n M (6.1.32)

naming respectively 1,2, 3, and where we have chosen all particle out-going
to simplify momentum conservation:

4
> =0, (6.1.33)
=1

Firstly, let’s show that the amplitude satisfies the Ward identity:

Alps, =0 (6.1.34)
where:
A = A€, (p3). (6.1.35)
The first diagram reads:
A = i(igs)QU1¢4Z§:;¢3UQ (tasta4)l-2i1 (6.1.36)

where p;; = p; +p; and s23 = 2p2-p3. The contribution to the Ward identity,

defining C1 = (t%t,,);,;, is then:
Alps, = —i9§U1¢4fzg]ﬁ3sz1 (6.1.37)
= —ig§ﬁ1¢4%ngl (6.1.38)
523
= —ig2u1¢,v2C1 (6.1.39)

using in the last step the Clifford algebra. The second diagram is related to
the first one through 3 <+ 4 and we find:

Agpgﬂ = ig?ﬂ1¢41}202 , Cy= (ta4ta3)i2il . (6.1.40)
The third diagram is the most complicated:
_ 1 -
.A3 = gsU17uv2£V39MM3M4(—p34,p3,p4)6g1 654t?1i2fba3a4 (6.1.41)

I
= ggt?ﬂg fba3a4£U17“U2 (63 - €4(p3 — Pa)p + €4,2p4 - €3 — €3,2p3 - 64)

(6.1.42)
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where we have made use of:

€ -pi =0. (6.1.43)
For Ward identity check we have:

was 1
Alps, = ggt?1i2fba3a4£u17uv2 (64#812 —p3-ea(ps + p4)u) (6.1.44)
= G310, f* N f v (6.1.45)

1211

where we can define:

Cy =), froses (6.1.46)
= —i[ts, 1), . (6.1.47)
_ _z‘<C’1 . 02) (6.1.48)

which is now sufficient to show that A satisfies the Ward identity:
Abps, = g2 ¢4v2< —iCy +iCy — Cg) =0. (6.1.49)

The color identity above can be used order to order the diagrams that appear
in the amplitude. Defining:

A = g2CiAy (6.1.50)
As = g2C2 A9 (6.1.51)
Az = g%iC3A3 (6.1.52)
we have:
A= g2|Ci(A + Ag) + Col Ay = Ay) (6.1.53)

where the partial amplitude (coefficient of the basis color factors Cy and Cy)
are related by the symmetry:

(A + Ag)‘g =My Ay (6.1.54)

<~

It is therefore sufficient to compute only 2 of the 3 diagrams and then permute
the result. This is color ordering.

Compact representation for the helicity amplitudes can be found using
the spinor helicity formalism. We can write:

A(1r2h23hsal) = A + As

(6.1.55)
u1—>%(1+h175)u1,...
The formalism is built arounf the Weyl representation for the Dirac equation
from which we construct everything from 2-component helicity spinors. We
recall the Weyl representation:

= (0 O:> (6.1.56)

O':u
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where o = (1,5) and o* = (1, ) with & the Pauli matrices. The helicity
projection operators are:

1ty 1/1+1 0
P = 5 ( 0 1¢1> (6.1.57)
from which we form helicity spinors:
up = Pou= <|€>> = (6.1.58)
u_ =P ou= (‘g]) = v, (6.1.59)

Weploicit solutions for the 2-component Weyl spinors |p) and |p] can be
found satisfying:

Pl =0 e otsl=p" (61,60
pl{pl=7-p +— %[PU”p)Zp“ (6.1.61)

where (p| = €|p) and [p| = €|p]. Further details: Mangano, Parke Physics
department Dixon.

Let’s see some remarks to keep in mind. Helicity amplitudes don’t inter-
fore when squaring amplitudes:

(|AP) Z A)? , 2= N. (6.1.62)

Amplitudes are complex numbers, all the spinor indices contracted, and can
be written in terms of spinor products:

(pq) = —(gp) , [pq]= —I[qp] (6.1.63)
where:
(pa)[qpl = 0pg = (P+@)> =2p - q. (6.1.64)

Weyl spinors (|p), |p]) provide a complete representation of the Lorentz group
SO(1, 3) for massless objects:

2__,
SO(1,3) £=3 sU(2) @ SU(2). (6.1.65)
Polarization vectors can be defined with respect to a reference direction n*
satisfying:
e-p=0 e-n=0 (6.1.66)
e €r-€x =0 (6.1.67)

_ (no*p| e (py ) = (potn]

N TT (6.1.68)
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Exercise 7. Show the spin sum for the polarisation vectors is:

pHnY + pYnt
p-n

> eip,n)en(p,n) = —g" +

n

(6.1.69)

which matces the propagator numerator in the light-like axial gauge:

1

‘C’Qf 25

~(n-A)>. (6.1.70)

We have also the spinor product relations:
(12)(3] + (23)(1| + B1){(2| =0 (
(12) = /|s12]€?12 (6.1.72
[12] = —/|s12]e” "2 (

(

16%2)(30,4] = —2(13)[24] (6.1.74

where (6.1.71) is called Schanten equation and (6.1.74) is called Fierz equa-
tion. We are now ready to finish the partial amplitude computation for ¢ggg.
We have:

Ay = —z’u,éfjii,égw (6.1.75)

o 1
Az = —zuw“vzg (63 - €4(p3 — pa)u + 2p3 - €3€4, — 2p3 - 64€3H) (6.1.76)

fermion currents (with incoming convention) must run from + to — and we
can use parity symmetry to restrict 1727 as the only independen, non-zero,
choice.

We can also talk about helicity —+ ++. With a bit of spinor algebra we
find:

2i(1n4)[41](1n3)[32]

A= D (6.1.77)
—{1lo™
Ay — m (— 2034} 34](p5 — pa)y + (a0,d)msh3] -
— (n30,3] <n4$4]> (6.1.78)
~ —2i(ln) (<n3> 23] + (nd) [24]) [34] 1o
o 512<n33) <n44) ( o )

where in the last step we fix ng = ng = n. So clearly for ng = ngy = 1
all contributions vanish. We can see that gauge invariance implies Ward
identity, which is biunivocal related with independency of ref. vectors. So:

A(17273545) = 0. (6.1.80)
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Exercise 8. Show that:

—9; 2
A(172F3545) = m (6.1.81)
_ 2i[24]3[14]
= T3] B4 (6:1.82)
_2i(13)3(23)
= {12)(28) BLyAT) (61.59)

6.1.3 Divergent graphs at 1-loop

The UV divergences are similar to those in QED. You can see the table 6.1.
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T ng ng n. w({lggp) | name
—b—‘—k 2 0 0 1 quark self-energy
09904 @ 09099 0o 2 0 2 gluon self-energy
2 1 0 0 qqg-vertex
0O 3 0 1 3g-vertex
0 4 0 0 4g-vertex
0 0 2 2 ghost self-energy
0 1 2 1 ccg-vertex
0o 2 2 0 -
0 0 4 0 -

Table 6.1: Divergent diagrams of QCD.

In the table we have ommitted the tadpole graph:

()
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which is trivially zero (by color algebra this time). The last two graphs do
not match gauge invariant operators and must therefore give finite results
when all diagrams are summed together.

The major difference with respect to QED is the number of diagrams
that contribute. Up to one-loop we have:

- — s gﬂ + ... (6.1.84)

q
P
+ ) -
q
//»\
+ @t 9000 + ... (6.1.85)
\<//
frng ————}—————'—

+ %+ (6.1.86)

:ik+

b

- + (6.1.88)

+
+
1

—&F +
? + ... (6.1.87)
2 2
+
3 1
3



98 CHAPTER 6. Renormalization of QCD at one-loop

1 3
2
+ 3 + +
1
2
2
+ 1 -
3
+ ghost loops + quark loops + (higher order)
(6.1.89)

(6.1.90)

4—point diagram expansions can be obtained relatively easily if required,
clearly there are quite a few diagrams to consider.

6.1.4 Renormalization counter-terms

The necessary field and parameter redefinitions are as follows:

Yoo = Z,*ban Al = ZY2 Ak (6.1.91)
co=2Z"cr | Mg = Zim, MR (6.1.92)
gs0 = gsR,UijLng‘ (6193)

For the rest of this chapter quantities without R subscripts will be consid-
ered to be renormalized, e.g. 1, = ¥4r. The QCD lagrangian in terms of
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renormalized quantities has the following counter-terms:

Lgocp = Lgoep,r+

+ Z Wq‘?’%(zw — 1) + Mg g (Zm, Zy, — 1)~
q

— sttt At g (Z1 — 1) —

—c'oc” (ZC — 1) — gsu%fabcaﬂéaA“bcc(Zf — 1)—|—
1

+ §AZ (9O —0"0")AL(Za — 1)+

+ g fUCARY AV, A (779 — 1) —

1
— R A AL AV A (219 1)] (6.1.94)
where:
7 = 2,72y, 7¢ = 2,73 7. (6.1.95)
7% = 7, 7% Z9 =72 73, (6.1.96)

Unlike QED the gauge invariance constraint on Z, do not imply Z; = Z, .
There are a set of relations for correlation functions the follow form gauge
invariance called Slavrov-Taylor identities, in turn we may derive additional
constraints on Z, but we cannot avoid the vertex amputation. So we have
the scheme in figure 6.1.

gauge invariance

/\

Ward-Takahashi
Identity

(a) Scheme for QED.

gauge invariance

Z/\

Z Slaunov-Taylor

Zy,

a Ze Identity
+ other relations

(b) Scheme for QCD.

Figure 6.1
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6.1.5 Strong CP problem

We finish this section with a small remark on the form of the QCD la-
grangian. If we were to write down all SU(N,) guage invariant operators in
4 dimensions we would include:

Frvefa, (6.1.97)

where:
Ff = €uupo P (6.1.98)

This term represents a subtle problem in QCD in which it’s presence implies
CP violating strong interaction which are not observed experimental.

Exercise 9. Show that:
FHvafe = §,k* (6.1.99)
_ vpo pa a 9s rabc 4b pc
k= ehvpo Ac (Fpa -2 APAU) . (6.1.100)

As a result we see the operator is a total derivative and plays no role in
perturbation theory.

QED (abelian gauge theory) could also have a term F ‘“’Fw/ but this
total derivative has no non-perturbative conseguences. 't Hooft showed that
the QCD (non-abelian gauge theory) vacuum has istanton contributions, so
FF does have non-perturbative conseguences. A proposed solution to this
problem introduces a new dynamical field, the azion, whic can naturally tune
the coefficient of FF to be very small (undetectable). This is the Peccei-
Quinn mechanism. So far the axions have not been confirmed in experiment
either.

6.2 One-loop graph computations

6.2.1 Quark self-energy

There is only one diagram and the only difference with respect to QED is
the color factor:

sy, a ja € ddk ,u(_%_'_ +mq) m
% =ik kjgiu?a/(%)d (;(k,O)D(ZZ}—p,ﬂ;};)> (6.2.1)

P —k+p

= Cpdy (Z‘?) iCr (i(p — dmy) + O(eo)> (6.2.2)
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where we use:

s =4mg? , Cr = (4n)T(1 +e). (6.2.3)

We also have:
—— X = ’L(Slj <5¢qp — 53mq> (624)
= 853 (0, (p = M) = Oy ) (6.2.5)

Since for the strong interaction there is no perturbative low energy limit, we
cannot perform an on-shell renormalization and so stick to M S"

- ()
5 = (47r>01"( ‘Z) (6.2.7)

6.2.2 Gluon self-energy

The QCD computation differs from the QED analogue in that there are
more diagrams and the ghost diagrams are required to produce the correct
transverse tensor structure dictated by gauge invariance. We are saying:

@®
/>~
+ \m&w\ mesz/ T Z w@m
- Mﬁ (6.2.8)

I — |
scaleless integral

# 0 in dim. regularization

Let’s start with the color part of the gluon diagram:

Cmgji:éu@) = fozy fbyz, (6.2.9)

Y

We may already anticipate that this could be proportional to the tree-level

color factor §%:
wm@w X R0

yete = —2ime{ e, ]} (6.2.10)

By writing:
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and applying the Fierz identity we can derive the constant of proportionality:

x
a&wﬁé&m}) = 4 am&i — awi X
Y T
£ Y
X ::Z@vmb — @mb
Y T
(6.2.11)
:8 a b —
Y
(6.2.12)

the first term is:

where:

‘MQMM’ _ Tr{t“tb} - %5“1’. (6.2.15)
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While the second term is:

So we determine:

=8 IN-1 1 LI RIS (6.2.19)
~ \4 2N, 8N, 4N, -

= — N, e (6.2.20)
we identify the adjoint Casimir:

Cy = N,. (6.2.21)
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Exercise 10. We can prove this relation using an alternative method
which introduces the symmetric structure constants d*°. Those are
the steps:

e Using the definition:
1
e tb} = @2 + — %0 2.22
(o) i am
show:
dabe = 2%{{#,#’}#}. (6.2.23)
e Multiply the relation:

1

1 (dazy + ,l-faa:y) = Tr{tat‘rty} (6.2.24)

with f%%% to find a relation for foY f%* in terms of traces. NB:
daxyfbyr = 0.

e Compute traces to arrive at:

% = —C4 (6.2.25)

The color factor for the other diagrams are now clear as well (the sub-
script 1,2, 3 are related to the number in (6.2.8)):

di = —Cx K164 (6.2.26)

dy = —CxKobap (6.2.27)
1

ds = 5 K3bap. (6.2.28)

The kinematic factor K3 is identical to the photon self-energy, so we may
immediately arrive at:

Ky=i (%) CF< — gp? —i—p“p”) (—?i + O(e°)> . (6.2.29)
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The ghost loop is perhaps the next simplest:
k
P
S
GR ' bv 2 2 Qe )
S e = —CA5ab Z gsuR D0 k 0)
NG "
k—p
(6.2.30)
= —Ca0up Ko. (6.2.31)

Exercise 11. Show:

1 —2¢
Ko = —guis (P g+ (d— 2)19“10”) mlg,log (6232
I[4 2¢]

200 |1] massless bubble integral computed in Chapter §3

Exercise 12. Show the gluon diagram results in

Ky = f%giu% | — (64— 5)p%g™ + (7d - 6)pp”
X 2(;)1540024[ ]. (6.2.33)
Exercise 13. Show that the sum of all diagrams gives
di +dy + Zq:dg = () e (- pPe™ + ") x
X % (20,4 — gnf> + O(€). (6.2.34)

Combining with te counterterm we determine s

o
wiig_wm/—kwﬁw: :M+ZMQM/+

S-’ q
using M S, so we get:

(6.2.36)
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6.2.3 The quark-gluon vertex

The two contributing one-loop diagrams are:

b1 k b2 p1 k b2
dl = ClKl d2 = CQKQ.
(6.2.37)
The color factors are simple to determine:
a a
_1 L
2 N. %
7 J >
(6.2.38)
a
! % (6.2.39)
2N, . )
) J
=CYy (6.2.40)
a
i J
- (—21)
(6.2.41)
N,

= —i— .2.42
i § (6.2.42)
=(C] (6.2.43)

where the step (6.2.42) is left as exercise.
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Exercise 14. Show the kinematic contributions are:

1
K, = (%) Crigstuoytvi— + (9(60) (6.2.44)
T €
_ (% o ot [ 0
Ky = (47) Crigstusy'vy ( ; > + O(€”) (6.2.45)

where the IR divergences in the scalar integrals I:[)fgnz;]l and I:[.j‘(;O%E]
have been discorded.

Combining with the contribution from the vertex counter-term we find

(MS):

+ +
+ =0(e") (6.2.46)

P-@a(ek)() oo

_ (ZTT) Cr (Ca + Cr) <—1> . (6.2.48)

6.3 Renormalization of the strong coupling

From the relation:

7 = 2, 2% 7, (6.3.1)
we obtain:
5V 5&) _ %521) e (6.3.2)
hence:

W (%Yo | L O R e
Ogs (47T>CF[ E(C’A+C'F) < 6) 2(5CA 2nf)36 (6.3.3)

B Qg 11Cy — 2ny
- (E) Cr (66 ) (6.3.4)
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to compare this directly with QED (U(1)) we can identify the quark loop
with a factor of T, where T = 1/2 for QCD and Tg = 1 for QED, so:

5! ( 47r) Cr (66 (6.3.5)
o =09\ (6.3.6)
TRTLf—)].
as—a
Qg 2

The charge screening effect seen in QED implied that:

e (Q%) > aef s (0) (6.3.8)

for a scale Q% > 0. The analogous effect in QCD will depend on the sign of
dg,. For N. = 3 there is a sign change (with respect to QED) if:

33 —2ny >0 (6.3.9)
hence:
ny < 16 (6.3.10)

remembering that ny must be integer. The Standard Model has n;y = 6 and
S0:

Wsef Q) < sep7(Q) (6.3.11)

for:
Q*> Q"% (6.3.12)



Chapter 7

The renormalization group

After a brief historical rewiew, we showed hot the renormalization procedure
couses model parameters to evolve with energy scale. We saw how the
function describes how the coupling runs with energy. Also, we saw how the
Callan-Symanzik equation follows from the fact the renormalization scale
dependence is a conseguence of absorbing UV divergences.

7.1 History

After the renormalization of QED, the systematics of the procedure and
conseguences on physical observables were still not fully understood.

Between 1950-1970 there were several studies of how residual scale de-
pendence on renormalized quantities in perturbation theory implied evolu-
tion equations for model parameters (coupling, masses etc.). The first works
were by Stuekelberg, Peterman (1953) and Gell-Mann, Low (1954) studying
electric charge in QED. Same ideas came from Condensed matter systems
(Kadanoff, 1966). The ideas were formalized in the works of Callan-Symanzik
(1970) and Wilson (1971-1975).

There were several Nobel prize for these works: Feynman, Schwinger,
Tomonaga (1965), Gell-Mann (1969), Glashow, Salam, Weinberg (1979),
Wilson (1982), 't Hooft, Veltman (1999), Gross, Politter, Wilczek (2004).

7.1.1 Scale dependence of electric charge
Let’s see the work by Gell-Mann and Low. The reference for this section is

Itzykson-Zuber [4] at page 633-635.

We can use our result for IT#” (5.2.71) at one-loop to study the effective
charge at different scales. Recall also (5.2.74):




110 CHAPTER 7. The renormalization group

The renormalized vacuum polarization is a function of ¢?,a and the mass
m:
I(a, ¢, m?) (7.1.1)

and II was renormalized on-shell through the condition:
(e, 0,m?) = 0. (7.1.2)

We can define an effective charge at the scale ¢2, called d(a, g2, m?), by:

v _igHV 2 2 AUV
aGH = d(a,q*, m*) + oG’ (7.1.3)
which implies:
d(a, g2, m?) = < 714
(Oé,q , M ) 1+H(a,q2,m2) ( )
and at ¢ = 0:
d(a,q?,m?) = a. (7.1.5)

What happens if we fix the charge at a different point, say at ¢> = \?, with
A < 0 (so space-like):

(07

ay = d(a, \2,m?) = T+ (o, 2, m2) (7.1.6)
we can now re-write « in terms of «, such that:
d(a,q?,m?) = D(ay, ¢2,m? \?) (7.1.7)
where the new expression for the effective charge satisfies:
ay = D(ay, A2, m%; \?) (7.1.8)

d, the effective charge, is dimensionless so we can rewrite (7.1.7), in region
¢> <0, m?>0and A2 <0, as:

d(a, —q?/m?) = D(ay, ¢*/N%; =A% /m?) (7.1.9)

in which:
ay = d(a, =\?/m?) = D(ay, 1, —\?/m?). (7.1.10)

We now study (7.1.9) in the asymptotic limit —g?/m? — oo:

27,2
—q?/m*—00
—

M, —¢*/m?) Y (v, —q* /m?). (7.1.11)

We computed this directly in §5 (see (5.4.7)) in dimensional regularization:

2% 0, ~¢*/m?) = (1) org (—g + 3log ( « )) +0(a?)

m2
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so we can show that:

202, 2.2y —9P/mPooo o 2/ 2 2 /12
D(CLM(]/)\,-)\ /m) — D (aA,(—q/m)(—m/)\))
(7.1.12)
2, 2y —¢/m o0 4 2/ 2
d(a,—q /m ) — d*%y (a, —q°/m ) (7.1.13)
so that the asymtotic limit of (7.1.9) is:
d*(a,x) = D" (ay, z/y) (7.1.14)
where: ) 2
q
and:
ay = d*Y(o,y) = D" (ay, 1). (7.1.16)
The Gell-Mann, Low function is defined as:
P(z) = 2D”‘Sy(z x) (7.1.17)
= 5 , 71. 1.
We can use (7.1.9) to prove:
a as
P(ag) = ma—d Y(a, ). (7.1.18)
x
Proof. Starting with:
gd‘“y(al x) = 2D‘“y(oz x/y) (7.1.19)
Ox T Oz y &Y o
Iz/y) 0
= D*%Y 7.1.20
10 .
= &%D Y(oy, 2) (7.1.21)

writing z = x/y. The LHS (Left-Hand-Side) of this equation is independent
of y, so we may set y = x to find:

0 as o 1 0 as
%d y(a,x) = ; <8xD y(ax,ﬂf)>x:1 (7122)
1
= —(a). (7.1.23)

So the function 1 () determines the evolution of the effective charge (in the
asymptotic region).

So, what we need to keep in mind is:
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e G" does not change, and it is independent of the renormalization
scheme.

e The effective charge does change when we change the scale, at which
we fixed the renormalization scheme. The scale dependence is given
by the Gell-Mann Low function ¢(x).

e (Callan-Symanzik clarified and generalized this picture.

7.2 Scale dependence of perturbative predictions

Consider the perturbative corrections to the vertex function which can be
related to a vertex function, which can be related to a physical observable
O (in QED):

)

= 20N () + X0 (2 1% (7.2.1)

Let’s compare this to an experiment at qg, where we measure O(¢?) = o and
so, at leading order (LO):

o= oW(@) + 03 (7.2.2)
g
= Ao= oD () (7.2.3)

If we compare theory and experiment at next-to-leading-order (NLO):
o =20W(g3) + No®)(g3; u) + O(N). (7.2.4)

The measurement has not changed, but the value of the coupling has:
Moo (g3) = Anroo™M (@) + A oo™ (a5; k). (7.2.5)

For a single scale process, such as this one, the NLO correction will take the

o gy = o) (alos (42 ) +1) (726)

qo

) + b) . (7.2.7)

form:

and so:

sS4

ALo = Anzo + Ao <a log <
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7.3 The Callan-Symanzik equation

At the end of Chapter §3 we considered the scale dependence of the renor-
malized correlation functions. Comparing bare and renormalized functions
implied:

Go(p1,- -, pni o) = FT (0] T{¢o(x1) .. do() } [0)) (7.3.1)
= ZZ/Q(#R, Ae(ur)GRr(P1s - - s P Ar(1R)s tr). (7.3.2)

From this expression we derive:

d -
. d n/2 ~
= ng (Z¢ GR) (7.3.4)
= pg _d g2 Gr+ urZ"? 4, (7.3.5)
dpr™? ¢ \dur
d d -~
= (2" g (2% ) Cr+ 2} up——G 7.3.6
n(Z, )" dup’® + MRd,UR R ( )
n/2 d - ~ d 1/2
=7 — —1 Z . 3.
5 (MRdMRGR+nGRdMR og( $ )) (7.3.7)
For a minimal scheme (so M S and MS etc.) we may state:
Zy = Zg(Ar(pr)) (7.3.8)
and so the relation becomes:
9 ~ dA(ur) 0 ~
—G A —G A
R R(UR, N(UR)) + KR duin O R(1R, A)+
n dlog Z ~
D ur (222 Grur Mur)) = 0. (7.3.9)
2 dpr
The scale-dependence of A and Zy appear through what we call beta func-
tion: WA\(in)
KR
\) = pp—r 7.3.10
B = 15 (73.10)
and the anomalous dimension:
1 dlogZy
A) == 7.3.11
100 = ghr e (73.11)
that can be written as:
1 d10g2¢
A - 3.12
76N =5 din (7.3.12)
1 d\ d
—up——log Z 3.1
= ghng iy 082 (7.3.13)
L s L i0g 2 (7.3.14)
— QHRPVY g 108 Do e
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We have arrived at the Callan-Symanzik equation:

0 0 ~
<MR8MR + ﬁ()\)a + n7¢()\)> Gr=0. (7.3.15)

Note. This is the simplest case of massless scalar field theory. There will
be additional terms for masses and other fields. For example, for massive
scalar theory we have:

0 0 0
(1 + 80 35+ 4760 )

x Gy A(s), m(p)) = 0. (7.3.16)
For QED we have:

0 0 0
(15 + 80 + eIz + wvale)+

+2kyy(€)) Gok (1, €(p), m(n)) = 0. (7.3.17)

7.4 Extraction of § and v from UV counterterms

For a minimal scheme there. is a direct connection between the perturbative
expansion of conunterterms, 1 — Z,,, and 3/v. For example:

A =AuZy , Zpy=1+0dy. (7.4.1)

The perturbation expansion of dy is:
o0
o= Al (7.4.2)
L=1

but 5& ) also has a series expansion in dimensional regularization:

o = " kalt (7.4.3)
k=—L
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and in a minimal scheme the upper bound of the e expansion will be —1
(only poles). Hence:

oo -1
=3 3 AEeksIH (7.4.4)
L=1k=—L
A 2L
= Z Z 5k (7.4.5)
L=1k=1
re-label with the values for k
o oo
AQL Lk
k=1 L=k
change under of the summation
oo
ak(A)
= o (7.4.7)
k=1
where we use:
o0
ar(A) = Y N2EaR, (7.4.8)
L=k

Now, we can look at the ¢ and A dependence of j3:

d
A €) = pu—A 7.4.9
= Mi(AOM—EZ*l) (7.4.10)
du A
dz;*
= —edop Zy '+ dop p—2 (7.4.11)
dp
dZ dZy
=— Z 4.12
P VAY iz du (7 )
dz
= —eA—AZ BN, =2 (7.4.13)
dA
so we get:
dz
The € expansion of § is:
BAe) =D eBP(N) (7.4.15)

k=0
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and we are interested in terms up to O(€%), so we can expand (7.4.14) up to
order N > 0:

(5(0) +eM 4. 4 ENﬁ(N)) %

x(1+ﬂ+@+---+ (7.4.16)
€ €
1 da1 1 da2
S e S e 7.4.1
x AL oA )+ (7.4.17)
ai ag
+ e (1+—+6—2+ ) (7.4.18)
_ (7.4.19)

where in (7.4.16), (7.4.17) and (7.4.18) there are the expansion respectively
of 7y, )\% and e\Zy. The only term at O(eV) is BN) so:

o) = pMN (7.4.20)
with B(N) = 0 we have:
OV = p-b =g (7.4.21)

for N > 1. At O(e) we see the last contribution eAZy:

o) = M =90 (7.4.22)

o) = Wby (7.4.23)

Oe) = pW=-x (7.4.24)

o) = pO= )\2%\@1 (7.4.25)

Ol = 6(°>d((;\;"1) = )\2%612 (7.4.26)
d(A d

oEr) = pO d(Aar) dzk) = N Tk (7.4.27)

S+ e — (7.4.28)
€

go) _ y2da (7.4.29)

and in (7.4.26):
d
S ar) =22 4. (7.4.30)
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So B = B(\,0) is the beta function in the CS equation and appears in
multiple relations, so we find relations between the poles of ¢y, recalling

(7.4.8), at different orders in € and L:
d
(0) — 2=
P =rpm
d
B(O)a()\al) = )\270@

d d d
— —al—()\al) = —

3 2 2
%) (5/(\1,1)> _75§2,2)_

In summary we find:

where:

where:

7.4.1 ( and v in ¢3_,

(7.4.31)
(7.4.32)
(7.4.33)

(7.4.34)

(7.4.35)

(7.4.36)

(7.4.37)

(7.4.38)

Recall the values obtained in Caphter §3 for the M .S scheme (here we convert

to MS):

A1 A
&_-@$Z+OQ)

:vﬁ“%+ouﬁ

.
¢ T (4m)3 126

= 26007 o)

+ O\

so we find:

1
6/(\1’1) 5%1,1) _ 35(1,1)

(7.4.39)
(7.4.40)
(7.4.41)

(7.4.42)

(7.4.43)
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and the beta function:

d
—_\2 =
B = X (V) (7.4.44)
d
29 (\25010) 4
A dA(A 5 —+CKA)> (7.4.45)
= 2X361 1 O(\%) (7.4.46)
3\ 5
Exercise 15. Check that:
=22 Loy (7.4.48)
1OV T 19 (4m)3 ' =

Observation. Since 3(\) < 0 for small A we have:

dA dA

p—— = <0 7.4.49
dp dlog (p) ( )

so, A(u) decreases as u increases. See plot in figure 7.1.

Aw)

u
Figure 7.1
7.4.2 QED
We have:
1
de = 61 — Oy — 56,4 (7.4.50)
1
a2 9
_(E)§+Om) (7.4.52)
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and since:
o2
= 4.
a= - (7.4.53)
we get:
e? 2 4
== 4.54
167r23e+o(6) (7.4.54)
The beta function, dependent on e, is:
e3 4 5
= = 4.
Ble) = 1553 + O(E) (7.455)
a4 9
—e {(4» 5 +0(@ )} (7.4.56)
but note that 5(e) # S(a), and we have:
5(a) = i -alp) (7.4.57)
- MdILL /’L ..
1 d 4
= —— 7.4.58
yell () ( )
= Be) (7.4.59)
27
_ a4 2
— 20 [(M) S +0(a )] . (7.4.60)
Observation. We have (a) > 0 and for small o we have:
da
4.61
dlog > (7.4.61)

and coupling increases with the scale. As you can see in figure 7.2.

«

Figure 7.2
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Exercise 16 S. ow the anomolous dimension are:

_ 1de €2 4
4 €2 4
va(e) = 3162 + O(e?). (7.4.63)
7.4.3 QCD
For QCD we can find:
1
Gy, = (E) ;( Cr) + 0(a2) (7.4.64)
Qg . 2
Sa = (47T> 2 (504 4TRnf)3 +0(a?) (7.4.65)
5 = (Z;) 2(—Cp — Cp) + O(?) (7.4.66)
that implies:
b, = (22) (1104 + 4Tgny)§ + O(a2) (7.4.67)
9s dw) € g s
and:
045 11C 4Trn
Blgs) = —gs (3 ( e ) +0(g5) (7.4.68)
s\ 2
Blas) = (%) g(lch ATgbs) + O(a?) (7.4.69)
- [( ) bo + O(as)} (7.4.70)
where: .
b() = 5(11014 - 4TRnf) (7471)

Observation. For small oy and for ny < 16 we have:

dovg
dlog u

(7.4.72)

so the coupling decreases with the scale, and we have what is called asymp-
totic freedom, which indicates we may apply perturbation theory at high
energies. See the figure 7.3.

7.5 Solution to the Callan-Symanzik equation

We start by reminding ourselves of the form of the 2-point correlation func-
tion in a scalar theory (massless):

7

Ga(p?; 1, A(p)) = mm(—,ﬁ/ﬁ, A)) (7.5.1)
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W
Figure 7.3
where:
gs(—E2 /PR AW) = 1+ N2 (—2/p?) + O, (75.2)
Since go depends only on the ratio —u?/p?, we can swap u% for p“% in
the CS equation:
p”i — B(/\)2 +2(1 —75(N)) Gy = 0. (7.5.3)
Opt oA
Proof. We can start noticing:
0 0 0 0
=2 = op? 7.5.4
Hou = ae o PVigw = 5 (7.5.4)
let x = —p?/p? so that:
oxr 0
2
— =u = A 7.5.5
M6292(7)MM2892(a) (7.5.5)
= aja—gcgg(x, A) (7.5.6)
0
p2—292(aj, A) = —z—ga(x, \) (7.5.7)
0 0
from which we show:
d ~ 0
w—=Go = — <pu + 2) Gy (7.5.8)
op

leading to the desired form of the CS equation.
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Solution 1. We start with the free theroy, so 8 = v4 = 0, and we have to
solve:

9 s
P4 2) Gy = 5.
<p apr + > Gy=0 (7.5.9)
= 2i+1 Gy =0 (7.5.10)
— Gy= % , k= constant. (7.5.11)
p

We can rewrite (7.5.10) using the mass dimension of the scalar field A = 1:

9 0

P (9772(;2 = —AG, (7.5.12)

if we release the condition v = 0 the CS equation is:

o - .

which demonstrates why 74 is called the anomalous dimension:

A=1- Yo G2 = T oA (7514)

Solution 2. We can talk about Coleman’s Hydrodynamic/Bacterialogical
analogy (see chapter §12, p. 418, in Peskin).

We consider a fluid flowing with velocity v(z) along the axis of a narrow
tube. As in figure 7.4.

= )= o

Figure 7.4

Y
8

The liquid contains bacteria distributed according to a function D(¢,z)
at time ¢t and position x. The tube is illumated by light distributed according
to a function p(x). As you can see in figure 7.5.

The bacteria density will follow an evolution equation almost identical
to the CS equation for correlation functions:

(gt o) o p(x)) D(t, z) = 0. (75.15)

The translation can be summarized as in table 7.1.
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0 e

x
Figure 7.5
Tube model CS equation
d ad
ot dlog (1/1pl)
x
v(x) —B(A)
p(x) 2(v(A) — 1)
D(t,z) | g2(=p?/1? M)
Table 7.1
We will find solutions according to the initial condition:
D(O, a;) = Dzmt(a;) (7.5.16)
Let’s solve some special cases first:
Static case: v(z) = 0, so we have:
9 () ) D(t,z) =0 (7.5.17)
ot e o
which have solution:
D(t,z) = exp{p(x)t} Dinit(x). (7.5.18)
No illumination: p(x) = 0, so we have:
0 0
<8t + v(x)am) D(t,z) =0 (7.5.19)
in the case v(x) = v is a constant, we find a simple travelling wave solution:
D(t,x) = D(x —vt) z=x—vt (7.5.20)
QD(Z) = —vD'(2) , 2D(a:) = D'(2) (7.5.21)

ot ox
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b <gt + vi) D(z) = 0. (7.5.22)

General case. For the general case we may write the solution using a
fluid element which moves according ot #(t). At a time ¢ = 0 we find the
element at xq:

z(0) = xo. (7.5.23)
Since the 8 function is —v in the analogy we define Z(¢) to be the position

for t < 0. The fluid element is described by:

d . . .
Si() = —u(@(t) , #(0) = x0 (7.5.24)

which has the solution:

2(6) 14 ¢
/ @ _ —/ dt’ = —t. (7.5.25)
x0 ’U(]T) 0

The dependence on the initial condition can be denoted & = #(t;zp). Let’s
change the initial condition to be somewhere arbitrary zg — x and find
Z(t; x) that satisfies both:

Cat) = —u(i(t, ) (7.5.26)
<(9at + U(gj)@i) Z(t;x) = 0. (7.5.27)

To clarify we introduce a primitive:

dz
P= 5.2
(@) (7.5.28)
with inverse U such that:
UP(y) =y (7.5.29)
and:
Z(t;x) A
—t= / de (7.5.30)
. u(@)
Z(t;x)
= dP (7.5.31)
= P(z(t;x)) — P(x) (7.5.32)
so we get:

T(t;x) =U(P(x) —t) (7.5.33)
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which solves (7.5.26). Now check (7.5.27):

0z 0 /

98 _ 2 (Pla) - U/ (Pla) -1 (7.5.34)
— _U'(P(x) - 1) (7.5.35)

9% _ 9 p(a) — t)U' (P(a) —t 7.5.36

02 _ 2 (pa) - nU'(P(@) - 1) (7.5.30)
- d]:i S”) U'(P(z) —t) (7.5.37)
_ @U/(p(x) - (7.5.38)
_ v(lx) (_?;3) (7.5.39)

which confirms equations (7.5.27) is satisfied. We can build the solution for
D(z,t) using Z(t; x):

D(w,t) = Djnir(2(t; z)) (7.5.40)

where:
Dinit(x) = Dinit(2(0; x)) (7.5.41)
= D(0, ). (7.5.42)

Verification. We start from:

0 0
0= (875 + U<$)8:1:> D(t, z) (7.5.43)
ot init\(T\U; T v(x Or init (Z(t; T 5.
_ o9z, 0i
~ ot Dipiz + v() axDim't (7.5.45)
(20
220 g, (7.5.47)

General case: with p(x) # 0 and v(z) # 0. The general case is a combi-
nation of the solutions found already:

t
D(t,z) = Dimt(:i‘(t;m))exp{/ dt’ p(a(t; a:))} (7.5.48)
0
= fi(t,z) fa(t, z). (7.5.49)
The solution is straightforward to verify, calling:
O(t,z) = 9 + v(ac)2 (7.5.50)

ot ox
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SO:

= (Ot 2) = p(w) ) D(t,) (7.5.51)
:I(Lfl)lf2+f10(f2) —pfif (7.5.52)

=0

= [porne+ ([ o) o) 2] - hswle)  7559)

= 1t (@) = plo) + [t u(o) ) 0(0)). (7.5.51)
Now, recall that:
O(t,x)z(t;z) =0 (7.5.55)
g ... 0
= v(x)%p(x) = —ap(:n) (7.5.56)
¢ ’ 0 "2 i t / 0 "
— /0 dt v(:c)%p(x(t ;x)) = /0 dt %p(x(t ;x)) (7.5.57)
= pi(t0) T p(8(052))  (7558)
— _p(#) + p(x) (7.5.59)

which completes the validation of our solution.

NB. An alternative form of the solution is:

D(t,z) = Dinar(#(t: 2)) exp{— / ) e P@) } (7.5.60)

v(z’)
Translating the solution back to the 2-point correlation function leads to:

- . |p’|=Ip| R
G2<p,u,x<u>>:Gimtm,A(p;A))exp{— / d10g<‘f; ‘) (1—7¢(A(p;A)))}

[P/ |=p
(7.5.61)
where:

LlX(p; ) = BA). (7.5.62)
dlog (%)

Observation. Since:

I 2
exp{ dlog <>} — (7.5.63)
I
we can write:

Galp i X) = s A ep 2 [ atog ()0} (rs0

= pﬁgz(—u /%, A(p; \)) (7.5.65)

where A(u; A) = A.
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7.6 Running couplings

Let’s explore the solutions a and «; using the 8 function evaluated up to
1-loop. Ww saw:

.
Blas) = — (ﬁ) bo + O(al) (7.6.1)
where: 11 — AT
by = AfR”f (7.6.2)
So we can see:
dayg bo dp
=——— 7.6.3
— a? 27 ( )
W dag by [*dp
s (po) T Jpo H
b
[ ] =—%log <“) (7.6.5)
s s HO) 27T Ho
1 1 b(] < 1% )
+ = log | — 7.6.6
op)  alp) 2w Ko (7.6.6)
o
= ay) = o OZ (7.6.7)
1+ 52 log (,7) (1o)
so we can write the coupling as:
alp) = a(to) (7.6.8)

2 log <Z—§)a(,u0)‘

To study the QED evolution use Tp = 1, C4 = 0 and ny = 1, so bQED
—4/3. The a(u) plot is the figure 7.6.

NB. « in the Standard Model recives corrections from quarks a W/Z
boson, when above threshold:

1
SM
oSN (M) ~ o (76.9)

If we want to see the QCD evolution, which have N. = 3, ny = 5 and
Tr =1/2, so by = 23/3, we can see the figure 7.7.
Observation. The running coupling has a pole at:

bo KT
1 — 1 =0 7.6.10
(52 ) atuntos (1) (7.6.10)
where ,u% is the location of the Landau pole. In QED we find:

PP~ m, exp{650} (7.6.11)
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~ 128

~ 137

Figure 7.6

~ 0.118

Figure 7.7

ans so way above any physical scale. For QCD the Landau pole is inside the
confined region where g > 1:

2T
QED _ ar - 7.6.12

~ 250 MeV  for ny = 3 active flavour. (7.6.13)
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7.6.1 Higher order running couplings

Analytic solution to the running coupling at higher orders are not available
in general. Numerical solutions may be obtained. We may find analytic
expressions when keep only the dominant logarithmic contributions. We

find:

d « a2 3
u@a =—« (%bo + <%> b1 + O(« )) (7.6.14)
= —a?B <1 + agl + (’)(a2)> (7.6.15)
0
where: b
k
B = ) (7.6.16)
So we find:
. ‘io‘ o (7.6.17)
M @*Bo 1 + a%
7 1 b1 [ < 51)]
— —log|— )| =c———=llo —log |1+ a— 7.6.18
£(L) o gm = 5 sl —toe (1402 )| (69

where ¢ is a constant of integration. We can finf the solution interactively.
First set 81 = 0 and choose ¢ such that:

—log (%) L =-L , c=log <%) (7.6.19)

In other words:
o= —-. (7.6.20)

Now we take the leading log limit of the two loop equation, correcting the
integration constant:

Ho A1
=1 — ) —-2—1 .6.21
e=log (73) — 255 1og (%) (7.6.21)
which leads to (substituting o = 1/(5pL) into the argument of log then
expand):

1 b1

—L=——+4+—=5loglL 7.6.22
so we find: ) 8, log L )
1108
=—|(1-—/ — . 7.6.23
o 50L< Bo L>+O<L3> (7:6.29)
In QCD one finds that:
34 20

by = ?cﬁ — 5 CaTrny — 4CrTrny (7.6.24)

and the effect of 2L to IL running can be 1 —2% (for modern collider energy
scales).
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7.6.2 All order behaviour of
We saw for a < 1 the plot in figure 7.8.

a Q*/A?
(a) (b)
Ble) N
\ @ N
\\\\\ Q?/AQ
(c) (d)
Figure 7.8

But, we can ask yourself what happens for larger values of . It is possible
that 8'(a) = 0 at some point and we find () = 0, where a* > 0, and we
can see the plot in figure 7.9a, the IR fixed point, and in figure 7.9b, the UV
fixed point.

If we assume such a point does exsist we can infer the properties of the
theory close to the fixed point. Take:

Bla) = —B(a — o) (7.6.25)

close to o where B is a constant. We can see:

(o))
/ @ Blog (‘M) (7.6.26)

( @ a z

for same scales |p| and pu. We get:

—  log <‘Zf(|i’|))_§‘> = log <<|z|> - (7.6.27)

-B
—  alpl) = e + (o) — ) ('i’) (7.6.28)
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//g

(a) IR fixed point.

I
-

(b) UV fixed point. It’s useful for studing phase transitions in e.g. Ising model.

Figure 7.9

so we find an exact solution to the evolution of the coupling. We can also
look at the solution to the 2-point function from the CS equation. Take:

Y = v(a(|pl; a(p))) (7.6.29)
- —i Pl gl
Ga(p®, 12, o) = pjgé(a*) exp{2/ i’ﬁ“%} (7.6.30)
—q 2\ T
= (;) gh(a). (7.6.31)

7.7 Evolution of mass parameters

Let’s consider a massive scalar theory and look at the CS equation for an on-
shell (p? = m?) S-matrix element. In the on-shell case the factor of ny,(\)
does not contribute (LSZ):

0

(uai + B0 55 + wm(A)ma?n) S=0 (7.7.1)
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where:

with p; - p; the momentum invariants. We can normalize S to form a dimen-
sionless function S using the scale u:

oM. 2
5 = dS(“ bj M\ ) 77.3
I Z (1) (7.7.3)

We can perform a simple dimensional analysis of S, taking a single invariant
Q? for simplicity:

N QQ m2
So we get the equation:
0 0 0
0 0 0 d A
_ 2 2 2 a 2\—d/2
(,u a2 +Q 90 tmis g+ 2> (u*)~ =8 (7.7.6)
0 0 0 A
—o(,2\-d/2 (2 2 2
2(p*) <,u a2 +Q 902 +m 8m2> S (7.7.7)
=0. (7.7.8)

Combining (7.7.5) minus (7.7.1) gives:

(Q;Q - B(A)% +(1— ’Ym()\))m% + d) S =0. (7.7.9)

This equation may be solved using the same methos as used in section §7.5
and leads to a solution in which both coupling and mass run with energy:

d\

MQ;\)  satisfying Q@ = B(N\) (7.7.10)
m(Q; \) satisfying ng = —(1—vm(\)m (7.7.11)

where \ runs from the point A where we habe measured the coupling and
fixed the renormalization scheme. The mass runs from the value of the mass
at the same renormalization scale, u for example:

~

Al A) = M) (7.7.12)
m(p; A) = m(u) (7.7.13)

then:

Qi) = miu esp{ = [ G0 = | (1719



Chapter 8

Unitarity and gauge invariance

Unitarity of the S-matrix leads to powerful constraints on the discontinuities
of loop amplitudes obtained from lower order amplitudes. We will compute
discontinuities/generalised discontinuities via Cutkosky rules, and that will
leads to generalized unitarity constraints, that can be used to determine the
coefficients of basis loop integrals for any amplitude.

The unitarity of the S-matrix for physical states relies on the cancella-
tion of unphysical degrees of freedom (ghosts and longitudinal polarisations).
This can be demostrated using BRST symmetry.

8.1 SST=1 and implications

In the Heisemberg picture, where operators are time dependent and states
are time independent, we may take (postulate) two orthonormal bases for
the Hilbert (/Fock) space:

|ov, in) observations at t — —o0

|cv, out) observations at ¢ — +oc.
The scattering matrix S has elements:
Sga = (B, out|e, in) (8.1.3)
and, since in states are orthonormal, we have:
(a,in|B,in) = 6ap. (8.1.4)

We may indsert a complete set of out states in the relation above, to find:

> " {a,inlk, out) (k,out|B,in) = > " (Ska)' Sks (8.1.5)
k k
= bas (8.1.6)

133
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or simply:
STS =88T=1. (8.1.7)

The optical theorem connects this relation to the fact that the immagi-
nary part of the forward scattering amplitude is related to the cross-section.
There is a more general connection the discontinuities of loop amplitudes.
Let:

S=1+iT (8.1.8)

where T is the transition matrix. Inserting this into SST = 1 leads to:
—i(T —Th =TT" =T'T. (8.1.9)

The scattering amplitude A from a state I to a state F' is defined by:
(F|T|I) =i(2r)*6“ (p; — pr)AI — F) (8.1.10)

where p; is the total incoming momentum and pg is the total outgoing.
Combining (8.1.9) and (8.1.10) gives:

—i(F|T|I)+i(F|T"|I) = (F|T"T|I) (8.1.11)
:I(FTT k) (k| T|1) (8.1.12)
k

where we use:

3 = §oo / |n| & E? = |k;|? + m? (8.1.13)
27 j=1 (2m)%2E; ’ ’ ’ -
k n= =

and we get:
= 2m)* W (pr — pr)A(I = F) — 27)*6W (p; — pp)A(F — I)  (8.1.14)

= I (i(2m) '8 (o — pr) A(F — k))*<2w>45<4> (pk — pr)A(I = k)

k
(8.1.15)
= I(?w)gé(“) (pk — pr)6@ (p — pr)A(F — k)T AL — k) (8.1.16)
k

I(%)S&(“) (pr — pr)0™ (px — pr)AF — k)TA(I — k) (8.1.17)
k
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hence:

A(I 5 F) — A(F - I)f = I(%)%M)(pk — ) AF = k)AT = k).
k

(8.1.18)
If we set F' = I we recover the optical theorem:
2% Tm{A(T — I)} = I(27)4(5(4) (pr — pr) AT = k)| (8.1.19)
k
- /dq)k(p[;pl, AT SR (8.1.20)
k=2

where we wrote the k-particle phase-space integral. We may represent rela-
tion (8.1.18) graphically by:

1GYF - (F[) zi/d% 1)K (FK)

(8.1.21)
where we define:

T
1E3F - (F]) D([F) (8.1.22)
1691 - 2Z'Im{[[}. (8.1.23)

The amplitudes can be expanded perturbatively. If we assume a theory
with a 3-point coupling A than the leading order will be A" where N =
#1 + #F — 2. Therefore:

]F )\N(B:ﬁ? +/\2§:%? + M F +)

that implies:

— D()\N I Ja +)

o

T
= /d%AN*Q(’“) I1( K (F K) +.. | 8129

e.g.:

k=2
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Comparing order by order in A gives:

DI I F|=0 (8.1.25)
ky B\ !
DI I K :/d@z i:( F (8.1.26)
ko ko
Ky k)
D [F :/d% I F +
ko ko
ky R\ |
+7 F +
ko oo

k1 k1 f
+/d<1>3 ;::gkg F ko (8.1.27)
ks ks
so we find relations between amplitudes at different loop orders. The op-
eration D is not 2¢Im in general since the amplitude contains branch cuts

which lead to discontinuities. Let’s look at a particular example to under-
stand better.

8.1.1 Discontinuities of Feynman diagrams

The discontinuity of an amplitude A across the p?-channel is defined by:

lim (A(. pr e ) — Al PR e, ... )) = Disc,2(A).  (8.1.28)

e—0

It is useful to look at the branch cut in the logarithm to see how this is
connected to the operation D:

Disc, (log (x)) = ll_r}r(l) <log (x + ie) — log (z — ze)) (8.1.29)
0 , >0
=0 07 (8.1.30)
274 , x<0.

For x < 0 we have log () = log (|z|) + im so we may write:

2iIm{log (z)} = Discz(log (x)) , x<0. (8.1.31)
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This helps to justift that for general states I, F' the operation D is the dis-
continuity of the amplitude in the I — F' channel.

For concreteness let’s choose a 2 — 2 scattering amplitude A(p1p2 —
p3p4) and consider the discontinuity in the sio = (p1 + p2)? channel:

Disc,, (A(pip2 = papa) ) = Alpipz = pspa) = Alpsps > prpa)! - (8.1.32)
-y / Ay A(pipz — (k) (Alpsps — (k).
k=1

(8.1.33)

In ¢* theory we can even explicitly write the amplitude up to 1-loops as:

e

+ counter-terms + O( )\4 (8.1.34)

SO:
2 2
@y, A la (s12 PR o) (514 MR o1d) (513 MR 4
Al oy [ (G o)+ 0 (i) < 8 (o ) o)
(8.1.35)
where:
i = i, (8.1.36)
finite

in a minimal scheme. We already know:

A[d1812uiz_1 ﬁel _ —B4 _1ﬁ
. (W,W)—(M)QCF(W) <e+2 Blog(ﬁ— >> (an)? <

(8.1.37)
- 2
- (471r)2 <2 — Blog (5*8_*) + log <Z§>> (8.1.38)
with:
B=1/1- ?j' (8.1.39)

The relevant discontinuity in 44 in the sjs-channels comes from the si9
bubble integral so we can explicitly study the discontinuity via poles in the
integrand. We have:

1

/k ((k —p/2)% = m? + i@ )((k +p/2)2 —m> +if ")
(8.1.40)

19 (p2 m?) =
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which contains four possible poles. See the figure 8.1. Explicitly, choosing
the frame p = (p°, f):

0\2
(k+p/2)> —m? +if" = (k)% — |k]? £ k%" + (}’4) —m? 4" (8.1.41)

= (K’ £ k" + B (8.1.42)
— (ko — k) (ko — K7) (8.1.43)
where we use:
712 (p0)2 2
B = —|k| te o m + if) (8.1.44)

1
k=5 <5p0 +0\/pE — 4B> : (8.1.45)

The poles in the complex kY plane are located, as already said, in the figure
8.1.

Im(k°)
A
kT kT
X X
—> Py <~
0+ > Re(k:o)
X X
k- kT
Figure 8.1

We now perform the k° integration (4d only):

/k N /(giii} (8.1.46)

using the residue theorem. You can see che curve and the regions in figure
8.2. At kY = k~ we have:

wy_ 1 [ &k 1

Reso_-(1y7) = 27 / (27)3 (k= — ki) (k= — kD) (kZ — k1) (8.1.47)
1 [ a3k 1

~or / (2m)3 (—2E; + i¢+)po(—2Ek P i¢+) (8.1.48)
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where Ej = |k|2 +m?2. Since:

a3k d|k| |k2 d20

=/ k] ¥ (8.1.49)
(2m)3 (2m)3
> dEy, |k| E), 4
= — 8.1.50
/m (27-[-)3 ( )
we have:
Resyo_y- (1) = 47r4/ df’“ 210 ——. (8.151)
- 2m)* Jm po(2Bx — i) (2E), — po — i)

The residue has a brach cut inside the integration region if py > 2m. We
compute the disc directly using the Cauchy principle value, P:

1

_ =P — o (2. — 8.1.52
S (po_zEk>ﬂFW( v~ po) (8.152)

—> Disce (Resko:k: (12[4})> = %1_% (Resko:k: (1_2[4})

+in
) (8.1.53)
—in
2 /°° dE;, By, |k|
(27T)3 m p02Ek

— Resjo_;- (I£4])

(—27id(po — 2E%))

(8.1.54)

. p
=i—0. 8.1.55
NB. The discontinuity can be computed directly using the replacement:

1
po — 2B + i "

— 2mié(po — 2E%). (8.1.56)

For the discontinuity of the full integral we need to sum over all residues
inside a closed contour, however it turns out, after closing the contour at
—100, the residue at k, does not have a branch cut in the integration region
(outside p° > 2m). See figure 8.2.

We can write:

Disc,,2 (1_2[4} (p?, m2)) = 2mi Disc,2 (Resko:k: (12[4} (p?, m2))> (8.1.57)
= 2 (’5> (8.1.58)

__B (8.1.59)
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Im(k°)

only this residue
remains

o
Jr
-
f+

Figure 8.2

Observations. We arrive at the same result by applying th rule:

1
(k£p/2)> —m? +iff*

— —2mi6((k £p/2)* — m?) 0(£k° + p/2)
(8.1.60)
= —2mi 6 ((k +p/2)% —m?).  (8.1.61)

This is the Cutkosky rule and can be used to prove the optical thoerem.

Exercise 17. Check, using the closed form for 12[4_26} (p?,m?), that
the branch cut in log (—f4//—-) mathches the result obtained above.

We can now continue the analysis of the amplitude since:

- A2 2 (s 2
Discs,, (A(plpg — p3p4)> =iy Discs,, <IQ (12 MR)) (8.1.62)

m2’ m?2
)\2
L o1
)\2
= 167l81' (8.1.64)

Since the initial and final states are the same (¢¢p — ¢¢), the optical theorem
applies.
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Exercise 18. Confirm using the final state averaged tree-level am-
plitude squared:

(APR) = 522 (8.1.65)
(0)12y _ )‘275
/d<I>2<|A4 ==L, (8.1.66)

8.2 Generalized unitarity

We saw that the discontinuity of a Feynman integral could be computed
using the Cutkosky rules where propagators are replaced with on-shell delta
functions:

1

SO we can write:

Disc,z (Io(p?, m?)) = Disc, ({}) (8.2.2)
— {} (8.2.3)

-2 (8.2.5)

where we call (8.2.3) the 2-particle cut integral. While we lose connection
with unitarity, we can replace any propagator in an amplitude with a on-shell
d-function and obtain a generalised discontinuity of the amplitude.

Amplitudes facturize when intermediate propagators go on-shell, e.g.:

2 . 3
lim | ° 2| = K}Z{}zl (8.2.6)
s12—0 1 812 5

3

4

—

where the diagrams on the right side are on-shell. This is trivial in scalar
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theories, but in gauge relies on the spin sum relations:

2 2
p+m rzn Zusﬂs (8.2.7)
S
UV mpV 2 2
—g" + prn” A np” p Z €n€n (8.2.8)
p-n ”

with the light-like azial gauge. Hence, when apply cuts to internal lines we
may facturize the integrand of any amplitude into products of lower order
on-shell amplitudes.

The application of multiple cuts to constrain the form of a scattering
amplitude is commonly referred to as generalized unitarity.

8.2.1 Double-cuts and dispersion relations

Let’s try to use double cut information to construct the 1-loop ¢¢p — ¢
amplitude. We already saw that:

A2 4m?

. 1
DISC512 (Al(l )) = 1677'[' 1— 5712 (829)
2. ! 3
= (8.2.10)
1 l 4
The cuts in the other channels, s14 and s13, are symmetric:
I 0 2
A2 4m?2
= —4/1— — 8.2.11
167 S14 ( )
4 l 3
I
A2 4m?
= —4 /1= —. 8.2.12
167 513 ( )
3 l 4

To obtain information at the amplitude level we could try to perform dis-
persion integrals:

1 ds’
§) = — Discy f(s'). 8.2.13
1) = 57 | 5= gDisee 1) (521
Since we have a multivariate function this route in a bit difficult but can be
done summing over all cut contributions. There is however a simpler ruoute
if we identify a basis of integrals for the amplitude. The scalar amplitude is
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trivial, there’s no tensor reduction necessary and we can identify from the
diagrams by eye that:

AV = cioo(s19,m?) + caala(sag, m?) + c1zla(s13, m?). (8.2.14)

From which we use the cut to project out the rational coefficients, e.g.:

Cutia(AL) = croCutiz(Ia(s12,m2)) (8.2.15)
223 B
= <_87T) (8.2.16)
/\2

8.2.2 General one-loop amplitudes

It is possible to show that any one-loop amplitude can, via tensor reduction,
be expressed as a linear combination of scalar integrals. If we take external
particles to live in 4d then the maximum nubers of independent propagators
is four, therefore (massless case):

A= 3 cgﬁ([m
BeBoxed B

+ Z Cr 1]+
TeTriangles T
+ > G {}[Wr
beBubbles
+ R+ 0(e) (8.2.18)

R is a potential rational coefficient coming from:

I_
C'I:(CO+€CI+-~-)<61+IO+~--> (8.2.19)
=Col +CI_. (8.2.20)
/

R is of UV origin only and is not seen by cuts in 4d. By using generalized
unitarity cuts we can project out the rational coefficients form the factorised
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loop integrand. For example:

value where  h;=%4

AsolutionOf d)? =0 z
(8.2.21)

There is no integration to do in the quardupole cut case since the loop mo-
mentum is completely fixed.

R D DD DI SR oo

Observation. Systematic algorithms to proceed iteratively from the
mazximal cut to determine all coefficient and supplying d = 4 —2¢ information
to determine R have been developed. Since there is no integration (purely
algebraic) this algorithm can be implemented numerically.

8.3 Non-abelian gauge invariance: unitarity and
ghost

In chapter §6 we computed the tree-level amplitude for ¢ggg scattering (mass-
less):

2 3 2 32 3 9 3
1 41 41 4 1 4

(8.3.1)
We showed that the Ward identity was satisfied:

Alps, =0 where A = Ales, (8.3.2)

there we will consider a tensor M*” where M" 3,64, = A. |A|? is related
to M by the spin sum. We write this is a generic gauge:

> ei(p,n)es(p,n) = —g" + P*(p,n) (8.33)

s
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with:
pHtnY + pYnt

p-n

P

w(p,n) = where n? = 0. (8.3.4)

Therefore:

‘AF _ M“3“4(./\/l”3”4)*><

X ( — Guzvs T+ Pu3V3 (p?n n)) ( — Guavg + P#4V4 (p47 n)) (8-3-5)

naming respectively 1,2, 3. The contributions from diagrams 2 and 3 to M*
are:

P

.o
MG = —zgsulfy““ Y3 g (3 ™) 10, —
593

M3p24 AF g (FH4193) 5, (8.3.6)
4

— gy

Let’s consider the contraction MH3#4ps, (instead of MH3Hips, ey, as we
did before):

Mb3Hpsy = ngul'YMpzi 4 V2B )iy —
- ngulpgpM Havg (6443 ) 104, (8.3.7)
= —zgsulfy“‘*vg[t%,t“ﬂml. (8.3.8)
the contribution from diagram 1 is instead:
MY pgy, = iggul’yuw;[t%:t%]im <p§4 (p3 — pa)pt
+ 9" .2p3 - pa + p3u(—2p3 — p4)“4> (8.3.9)

o 1
= 293“17M028712< — 15" (p3 + pa)u + 9" 512 — p:mpT) [, 1% )i,
(8.3.10)

= ig? (azv“‘*vz - ﬂlp3ung‘4) %3, %], (8.3.11)

so, using the fact that the second term in the right side vanishes when con-
tracted with e4,,, we get:

MF8HA Dy = —ig2Ty pvaph [, 1], (8.3.12)

Before jump into a new section let’s see some observations. First of all,
in QED the color factor is not present, so effectiverly:

[, ¢94]. . = 0. (8.3.13)

2171
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We can also see that what we have found is not in conflict with the Ward
identity. Also, there are implications for the optical theorem when connecting
branch cuts of loop amplitudes to |.AJ%.

The optical theorem states that we must sum over intemediate states:

2iTm{A(g7 = qi)} = 3 / Dy | A(gq — ). (8.3.14)
k

In QCD this means we must also consider closed ghost loops and gluon loops
on the LHS:

AW (g7 q7) = ot W+
//»\ //4‘\

+ >w/\ /‘wm/< + >w/\ /‘w/<
< N

(8.3.15)

To see this is all consistent with our computation of M#3#4 we may also look
at another amplitude:

2 3
/‘//
Aghost(37 4) = . (8316)
4
1 4
e 1
= —w?uw“wgpsu[t“‘*, £, . (8.3.17)
. 1
= —zg?m%ws—m[t““,t“3]i2il. (8.3.18)

This is very similar to the result obtained for:

MHFaps = Ph* Aghost (3,4). (8.3.19)
Swapping 3 <> 4 give another relation:

MHFFapy = Dh® Aghost (4, 3) (8.3.20)
that we can use when expanding the tree amplitude squared using (8.3.5):

|A’2 _ MM3M4(MV3V4)*>< (8.3.21)
Ps.ny, + P3u.n Pyyny, + Pyyn

X ( — Gusvs + B V;;g n = HS) ( ~ Guava - V;4 ‘n - )

(8.3.22)
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Exercise 19. Show that:
(8.3.22) = |MJ? + | Aghost(3,4)* + [Agnost (4, 3)|?

squared amplitude ghost loop ghost loop
= [ using Feynman gauge | + ( in one ) + <in opposite)

propagator direction direction

|
|
)

Sy,

= 00QQQ QQ9QQ +
d S
s

So we see that the ghost contributions are essential to mantain unitarity
when working in the Feynman gauge. Note that if we work in the light-like
axial gauge, where the spin sum matches the Feynmn rule for the propagator,
unitarity is maintained without needing ghosts.

8.3.1 BRST symmetry

A complete understanding of non-abelian gauge invariance, unitarity and the
role of ghost fields may be found using the formalism of Becchi, Rouet, Stora
and Tyutin (BRST) ['74, '76].

The issue is that while the classial QCD lagrangian is invariant under
SU(N,) rotation:

1 _
Lgop = = Fu P + (il —m)y (8.3.23)

using 1 quark flavour. Quantization of the gauge field introduces new ele-
ments to the lagrangian:

8 = — o (8,472 24

QCD = —2*5( L A) (8.3.24)

LIS = "0, Dhyc (8.3.25)

for (covariant) gauge fixing and ghost respectively. These terms breaks the
invariance of the lagrangian under SU(N,) rotations. There is however a
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hidden symmetry that we can uncover through the addition of an auxillary
scalar field B*. Let’s compare two lagrangians:

Locp = Lop + LYop + LLES (8.3.26)
LEop = Lop + LIS + g(B“)2 + B9, A" (8.3.27)
= L3cp + LESH + LEGD. (8.3.28)

Derivatives of the field B® do not appear in “Q”C“D hence it is a non-dynamical

field. We may integrate this field out of the lagrangian using a generating
function:

/ Dy exp{i / d'x gugD} - (8.3.20)
_ / Dy exp{ig / d'z (B“ + éaqu>2 - ;(aﬂAw)Q} (8.3.30)
:exp{i/d4x <—21§(8uA““)>}/DB exp{i/d4x (B“)Q} (8.3.31)
:exp{i / s <—21(£(8MA““)> }N (8.3.32)

where we put the normalisation:

N = /DB exp{z’/d4a; (Ba)Q} (8.3.33)

that will cancel for any correlation function, so we may say:
LEep = Locp (8.3.34)

since they produce identical physics. Recalling correlation functions in a
scalar theory:

[ Dsdi.duexp{i [dieL)

and noticing that ESC p is symmetric under a global tranformation, written
using an anti-commuting Grassmann parameter 6:

(8.3.35)

g A™ = oD (8.3.36)
0g1) = igsOc*t™yY ( )
Spct = —%gsﬂ fabechee (8.3.38)
9c” = OB° ( )

59B* = 0. ( )
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0A™ and 01 are equivalent to infinitesimal SU(N,) rotation through and

angle Ogy:

6 = % (1)t
= Oc*(x)t®

and, recalling that SU(N,) leads to:

A=A, —D,0+0(0?
' = exp{igsO}y = (1 +igs0)y + O(6?)

we have the correct sign, sign since 6 anticommutes with ¢%:

We may now show that:
8o(Loep) = 0a(LEep) = 0.
We have:
LEcp = LEcp + ﬁgghco% + LoD
and we can se the variation (for SU(N,) rotation):

8o(LEcp) =0
s Ligep) = o (§(8°) + B4
= g 39 [(B*)?] + 8p(B*) 0, A™ + B*9,,59(A™")

=0 =0
= B0"(6Dc")

(8.3.41)
(8.3.42)

(8.3.43)
(8.3.44)

(8.3.45)

(8.3.46)

(8.3.47)

(8.3.48)

(8.3.49)

(8.3.50)

(8.3.51)
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and also:
So(LBEH) = do(—c0,DHbcb) (8.3.52)
= —69(c*)8, Db — 28,5 (a“ca + 9 f“bcA“ch> (8.3.53)
1
—_ _eBaauDuabe _ Eaaﬂau (_29fabccbcc> _
— 79, [gs fFabe ((59A”C)cb + A“Cdg(cb)ﬂ (8.3.54)
1
= —0B°9, D"’ — 20,0" <—2989 fabccb00> —
. gsfabcéaau [Q(Ducdcd)cb 4 AHe <_;gsefbdecdce):|
(8.3.55)
= —0B°9,D""c® + g,c°0,0 fabcéa“(cbcc)—
_ gsfabcéaeau |:(a,u,cc)cb + gsfcdeA;LeCdCb _ ;gsfbdeAuccdce:| ]

(8.3.56)

Exercise 20. Collect terms at O(gs) and O(g2) to sohw that O(gs)
cancel and O(g?) cancel with help from the Jacobi identity.

This leaves:
So(LESS) = —0B9, Db = —3o(LEE) (8.3.57)

and therefore:

d¢(Lgcp) = 0. (8.3.58)
This global symmetry implies a conserved (Noether) current:

Ouihpsr =0 (8.3.59)
from which we may also take a conserved charge:

d
— =0 8.3.60
dtQBRST ( )
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Solution to Exercise. We can compute:
1
So(LBES) = —0B 9, D' e’ + g,20,0 f“bciau(cbcc)—
1
_ gsfabcﬁleau |:(aucc)cb + gsfcdeAuecdcb _ igsfbdeAuchCe

(8.3.61)
= —0B%9, Db

1
+ s f“bcéaﬂau [28*‘(&’@0) - a“(cc)cb] +
1
+ 936“08# (f“”cfcdeA“ecdc” — §f“bcfbdex4’“‘ Ccdc&) (8.3.62)

where we can write:

45 f°T00), [;8“(01760) _ aﬂ(CC)cb] ~0 (8.3.63)
because the fields anticommute and ¢ are antisymmetric, and we can see:
fabCfcdeAuecdcb_%fabCfbdeAuccdce (8.3.64)
_ <faexf;tdc _ ;faJCwade) Ape e (8.3.65)
_ % (faemfrdc 4 fpoda prec 4 facmfxde) Areclee (8.3.66)
= (8.3.67)
by Jacobi. So:

QBRsT = /d?’fj%RST (8.3.68)

the BRST charge commutes with the Hamiltonian:
[@BRrsT, H] = 0. (8.3.69)
The variation of the gauge field can be written in terms of the BRST charge:
59 A5, = 0(Qprst, A (8.3.70)

and similarly for other fields (B,¢,¢,1¢). We can say this with a simpler
notation:

5oF = 0QF. (8.3.71)

Exercise 21. Show that Q?F = 0 for a field:

F = (A} ¢, B%). (8.3.72)

This shows the Q? is a nilpotent operator and we may write:

Q*=0. (8.3.73)
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8.3.2 implications of BRST symmetry for unitarity

A nilpotent operator that commutes with the hamiltonian will divide the
Hilbert space, H, into 3 subspace:

e o with states [1)g) where @ |10g) = 0 and P |¢) € H satisfying |vg) =
Qo).

e 1, with states [11) where @ |11) # 0.

e Hy with states |i9) where |1)2) = Q@) (with |¢) € H) such that
Qlv2) = Q%) = 0.

This defines the BRST cohomology. While we do not explore this further
it is the first hint of a deep mathematical structure.

We can do some observation. We can see that the states of Hy are
orthogonal: for i), |1¥5) € Ha we can see:

(a]9h) = (6QTQ¢) = (6Q°¢') = 0. (8.3.74)
We can see that the states of Hy are orthogonal to those of Hy:
(altho) = (2] Q' [tho) = (2| Q[¥0) = 0. (8.3.75)

We can interpret the structure as follows:
e Ty contains physical states.

e H; and Ho contain unphysical states, so the ghosts and longitudinal
polarisations.

Using the BRST charge and the states of each subspace we may prove the
unitarity of the S-matrix:

@prsT,H] =0 <+ [Q,S]=0. (8.3.76)

Therefore, for |1)) in Ho:

0= Q. S][¥o) (8.3.77)
= (QS = 5Q) [¢o) (8.3.78)
= QS5 [¢o) (8.3.79)

using @ |Yy9) = 0. This means that the states S |1)o) must be in Hg or in Ho
and not in Hi:

S ‘¢0> € Ho ® Ho. (8.3.80)

Now we loo at two physical states from Ho, |¢9) and |¢{)) where:

(olto) = (o] STS o) (8.3.81)
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using STS = 1. We can insert a complete set of states with:

> ) (vl =1 (8.3.82)

PEH
in this way we get:
(ol ST o) = > (0| ST 1) (1 S [o) (8.3.83)
PeEH
= > (vl STIwE) (v | Slwo) +
7/"”67'[0
+ 3 (] STl (] S Jago) +
Y1 EHoo —
+ >0 (W] St ) (el S o) (8.3.84)
Yo€He —_—

where we can say that the two underlined terms are equals to zero because
H1 is orthogonal to Ho @ He and Hs is orthogonal to Hy and Hs.

So, finally, we can conclude that the S-matrix elements for physical states
is unitary.

8.4 Invitation: Effective field theories

We have stated that theories with operators of mass dimension higher than
4 are not renormalizable (in a 4d space-time). We may relax this condition
if we only require our field theory to apply within a specific energy regime
and define an effective field theory.

The Fermi theory of the Weak interaction is the most famous example:

u l+ u lJ,-
mVE;OO
d Y d !
that means that the propagator:
1 1 2
3 <1+pz+...> (8.4.1)
pT =My My My

where the term p?/ m%/v is the correction froms higher derivatives suppressed
by 1/m3,.
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We can use an explicit computation of gg — H via a top quark loop to
illustrate how this can work in practice. The process is loop induced in the
Standard Model (SM):

g g
= - + o +

9 g

+ O (9596 937 93 ve gy ) - (8.4.2)

The relevant part of the SM is:
Loy = .. yHY W+ 9,(iD — my)iy ... (8.4.3)

distinguishing between L and R handed quark fields is not relevant here. In
the region /s < my/mpg we may use an approximation m; — oo (Higgs
couples only the top quark):

Loy mw_ﬁ>oo Egnﬁop) + Eeff
{ { {
contains no Yukawa contains ( Q.4 4)

Since we have the technology to compute the loop diagram directly we may
see how to write L.r in terms of a dimension 5 operator. The two diagrams
are symmetric so:

A(gg — H = 2D) (8.4.5)

P2 \ \i€+p2

—

D = k( ----pg =p1+p2

‘/k*m
n/

Since the process is loop induced the loop amplitude must be finite. We
have:

where:

D = (—igs)? (?}%ﬁ Tr{t% 1% Y€y, €9, [H1H2 (8.4.6)

where the loop integral 112 is:

NH1H2

Iﬂl 20—
g D1D2Ds3

(8.4.7)
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where we have written:
Dl :D(kvmt) ) DQZD(k+p27mt) ) D3:D(k_p17mt) (848)
The numerator is:

N#kz = Tr{yfl(% + )y ( -+ Py +ma) (=, + mt)}- (8.4.9)

We will proceed dirctly to Feynman parameters and then perform tensor
reduction. Writing:

1 1 l—a1 1
Bipap; =2, den [ de ’
1203 0 0 [ang + D3+ (1 —ag — 042)D1}

(8.4.10)
we may show:
ﬁ(k‘) =a1D9 + aoD3 + (1 — o1 — OCQ)DI (8.4.11)
= (k4 a1ps — agp1)? 4 2a100p1 - pa — m? + i (8.4.12)
where:
2p1 - pa = (p1 +p2)* = ph = miy. (8.4.13)

We may now proceed (dropping the term zifr) to shift the loop momentum
and evaluate the trace in the numerator N#1#2.

Exercise 22. Show after Feynman parametrisation the diagram can
be written:

1 1—a1 TH (e —
IW:2// dal/ dog k= cap2 F00D1) g g g
kJo 0 (k* —mi + cnaomy)

where:

2
e1p€,TH (k) = 4my [g“” (—k:2 — % = m?) + 4kHEY +pl1lpl4 €1€20-

(8.4.15)
You may use ¢; - p; = 0.

For the tensor reduction in Feynman parameter space we make case of:
kHEY 1 k2

—— =" | —— 8.4.16

Ji— s = |G ar (5410

and:

J—— B
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Exercise 23. Show after reduction that:

d—14
P = Q/k/ [g’“’ (dk2 —m?+m%4(1— 2a1a2)) -

4mt
—piph (1 —4 . (8.4.18
2ed e (k% —mf + mfaraz)? ( )
The next step is integration over k using the results:

| T4 oS 8.4.19)

7r . .

e (K2 — A)3 (47r) 2
k2 i . 2-¢\ . _.

/k (k2 — A)3 - (47T)2(47T) I'(1+e) < > AT (8.4.20)

NB. The 1/e pole in the k? integral is cancelled by the coefficient d —4 =
—2¢ in front so the result is finite as expected.

Exercise 24. Perform loop momentum integration to show (recalling
Yy = my/v):

(5ab 1—on 1—4
iD= _asnlt/ qu/ dag <a1a2 )X
T v 2 m2 mHalag

X <—€1 6274-61 D2 €2 - p1>+0(6). (8.4.21)

Exercise 25. Feynman paramater integration. Show that:

m2 1-— 4&1012
F <m§) :/ - 5 (8.4.22)
T (=)

H
m2 (038

is a constant in the limit m;/mpy — oo:

lim F(z) = % +O@). (8.4.23)

z—0

We have now completed the amplitude computation in the m; — oo (or
more correctly (mg/mpy)? — oo) limit:

00

2
m (8%
A(gg — H) Z, 3781)5“(—9“”1?1 -p2 + piph)erpean + O <§) .
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The important feature of this result is that it has a local structure that
can be matched to a local operator:

Lesy = CHTe{F}, F*™"} (8.4.25)

where C' is known as a Wilson coefficient. From this lagrangian we find the
Feynman rule:

2
---3 = iC (—g"*2py - poy + pﬁ‘ngl) (8.4.26)
1

so matching with the result for A(gg — H) is straightforward:

Lsm ﬁgﬁop) + Lesy
\ 3 (8.4.27)
m m2
AW (gg — H) ™87 40 (99— H) +0 (=)
_ GOs 2
= C=3"+0(3). (8.4.28)

In general we may construct the set of higher dimension operator satisfying
symmetry constraints (e.g. SU(3). X SU(2)r X U(1)y, called SMEFT):

Lepp=Lo+ > Y. TO,(?’;“) (8.4.29)
k=1 m

where C’,(qff) are Wilson coefficient of mass dimension d operators O%). The
sum over elements, m, must be done carefully using a basis of independent
operators which accounts for field redefinitions, integration-by-parts identi-
fies and equation of motion.

Independent operator basis may be quite large. For the SM, with general
flavour structure, we easily reach > 2000 operators.
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Appendix A

Natural Units

In this section, we study what is meant by natural units. In Physics, it is
very common to use God-given units, i.e., the so-called natural units. The
independent types of quantities are length [L], time [T], mass [M], and — if
we also consider thermodynamics and statistical mechanics — temperature
[T].

In nature, there are universal dimensional constants, such as the speed
of light ¢, the reduced Planck constant h, Newton’s gravitational constant
G, and the Boltzmann constant k. Typically, natural units are defined as
those in which we set:

h=c=1 (A.0.1)
and consequently, when modifying the quantities (in standard units):
h=6.66-10"% MeV -s h=
c=3-10% m/s == c=
he ~ 200 MeV - fm hc=1.

Stating that the speed of light is a dimensionless unit quantity implies
that the units of length and time are equivalent:

[L] = [T (A.0.2)
consequently, we also have:!
[E] = [f1 = [M] (A.0.4)
For a force F', we have:
[F] = [EL™Y) = [ML™ (A.0.5)

LAs a result of the relationship between mass and energy in Special Relativity:

E*=p°+m’ (A.0.3)
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therefore, a quantity like &, which has the dimensions of an action, i.e., [ET],
in natural units is:

A= [ET) =ML =1 = [M]=[L""]. (A.0.6)

From the relations observed between the quantities, only one of them is truly
independent. Choosing length as the independent one, it holds:

(L= , [BEl=p=M=[L""] , [Fl=[L7% (A.0.7)

Typically, in QFT, cross-sections are expressed in natural units, but this
is not very convenient to use in the physical world, as we require standard
units. In general (not only for cross-sections), by remembering the units of
measurement of i and ¢, it is possible to convert a quantity from natural
units to S.I. units by multiplying by appropriate powers of /i and ¢. We have:

A = ML*T™' [c]=LT

Let’s look at an example. Take the Thomson cross-section in natural
units and convert it to standard units. We have the process:

yt+e —vy+e

with the free e~ and the cross-section:

8 o?
which we rewrite as:
8 a? y

e

By analyzing the dimensions:

L*=M2(ML*T )" (L7’
L2 — Mz—2L2x+yT—x—y‘

We must therefore solve the system:

L:2=2x+y T=-y
M: 0=x-2 = =2
T: 0=—-xz—y = —2.

Thus, the cross-section is:

8 o /h\? 81 o
—a— (=) == —— (he)2~64fm%2=64-10"2Db. (A.0.10
or 37Tm§ (c) 3 (mec2)2( 2 m ( )



Appendix B

Project ideas

I collect in this chapter all the project ideas arised during the lectures.

From Chapter 3 - ¢3 theory at one-loop:
e Renormalization of ¢ in 6d at 2-loops (MS).

e Renormalization of ¢ in 6d in MOM scheme (need to compute finite

point of I?(,l)[ﬁ_%]).

e Study UV properties of ¢* theory.

From Chapter 4 - Loop integration methods in dimensional reg-
ularization:

e Study different integral parametrizations, e.g. Baikov, Mellin Barnes
etc.

e Study integration-by-parts reduction and differential equations for multi-
loop integrals.

e Study graph theory connection to Symanzik polynomials.
From Chapter 5 - Renormalization of QED at one-loop:
e Renormalization of related theories e.g. scalar QED.

e Complete renormalization of QED using the on-shell scheme.
e Path integral methods to prove Ward-Takahashi identity.

e Proof of Furry’s theorem.

From Chapter 6 - Renormalization of QCD at one-loop:

m _ 50

e Compute 510(1), 58) and verify the relation: ¢; b = 551) — 5(01).
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e Explore the derivation of Ward-Takahashi and Slavnov-Taylor identi-
ties using path integral methods.

1)

e Consider 55(15 in super-symmetric extensions / relatives of QCD (N =1
/ N = 4 super Yang-Mills).

e Use the spinor-helicity method to derive 4-gluon scattering. Explore
extensions to higher multiplicity with off-shell recursion relations.

From Chapter 7 - The renormalization group:
e Review Wilson’s approach to renormalization.

e Describe the parameters of the Standard Model and their renormaliza-
tion group equations.

e Explore how locality of quantum field theories and ensure quantum
fluctuations a short distances may be renormalized.

From Chapter 8 - Unitarity and gauge invariance:

e Explore triple cut constraints for vertex function such as:
v — ete” (B.0.1)
in QED (massless limit interesting enough).

e Describe how the backround field method can be used to compute the
B function via an effective action.
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