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QED Path integral derivation

The Ward identity and its generalisation by Takahashi are exact relations
between 1Pl vertex functions and propagators. They follow from the gauge
invariance of QED, and play a key role in the proof of the renormalisability
of this theory.

The generating functional Z for a system of photons and electrons, given
by:

Z=N / DA, DYDipexp (z / Let dx)
1 - . -
ZF;WFNV + Z¢7M (a,u + ZeAu)ﬂ) - m¢¢
4

20

Leff = —
(0" Ay)? — JF Ay +ip + 1.

Due to the gauge fixing term L is not gauge invariant. The physical
consequences of the theory, however, cannot depend on the gauge. So Z
must be gauge invariant.
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QED Path integral derivation

Performing the infinitesimal transformation:

Ay — Au+0uA,
Y — Y —iely,
Y — P4ielr)

not all the terms in L.y are gauge invariant, so the integrand of Z picks
up a factor:

1 _
exp {z/dw [—a(ﬁ"AH)DA+ JEON —ie (i — 1/)17)} } ,
which, since A is infinitesimal, may be written:
1 _
| —H’/d:c [—aD(af‘Au) —om, —ie(mb—dm)] Aa).
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QED Path integral derivation

Invariance of Z implies that this operator, when acting on Z, is merely the
identity. Since A is an arbitrary function, the operator may be written
using the substitutions:

10 - 194 16

5_ Y= -, Ay — =

v g i0m i 0JH

and we find the functional differential equation:

5 J _
D@“ﬁ—a’ﬁ] <5 775 )] Zn,n,J]=0.

Putting Z = ¢V we can write:

Oo* ow

0 4]
=0 e (15 =0

?_776 ) 07 W:W[nana‘]]
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QED Path integral derivation

We can convert the relation into an equation for the vertex function I":

L[y, 1, A = Win,a,J, /dw () +n+ J*Ay)

which implies that:

6T ow
A, T 37,
T . SW
o) 1@ s
6T -
o) @ () ~ VO
So we have:
ok T ) .
_TA ( )+Zaum+le¢5w(x)_ €¢51;<m) 0
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QED Path integral derivation

Now functionally differentiate this equation twice, with respect to v(z;)

and 9 (y1), and put ¢ =) = A, =0. The first term vanishes, and we
obtain:

ok 0°r(0) =ied(z—x )ﬂ—
" (1) (y1 ) S AR () Vi (21)50(y)
—ied(x — )ﬂ
I 5o ()

The left-hand side of this equation is the derivative of the (1PI)
electron-photon vertex, and the two terms on the right are the inverses of
exact propagators.
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QED Path integral derivation

We can go to the momentum space. We therefore define the proper vertex
function T',(p, ¢,p’) by:

iy 3
/dZE dx1 diy el(p T1—py1—qT) __ ) F[O] _
0 (21)0¢ (y1)d Ar(x)

=ie(2m)*0(p' —p—q)Tu(p,q, 7).

On the other hand, §2T'/§1)6¢) is the inverse propagator S% (we denote Sx
the bare propagator), which is:

§2T[0]
59 (21)5¢ (y1)

Multiplying the functional differential equation by exp{i(p'x1 —py1 —qx)}
and integrating over z, 1 and y; then gives:

/ day dyy /@' #1—Py1) =(2m)*( —p) Sk ().

¢"'Tu(p,q,p+q) = Sr ' (p+q)— S5 (p).
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QED Path integral derivation

This is known as the Ward-Takahashi identity and it may be represented
pictorially, as:

q
. _ I Y
p+gq p+gq p p
e el
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QED Renormalization constants

Taking the limit g, — 0 (so the fermions go on-shell) yields the Ward
identity:

o8t

opt -

This relation holds to all orders in perturbation theory. For instance at the
first order (including the corrections from the renormalization process):

¢"'Tu(p,0,p) =¢*

_ _ _ 85/—1p
S0~ 2 o ) =850 0) =

-1
Lu(p.0.p) ~ Zi 'y
which verify the Ward identity and show:
-1

_ 4,08
Z7 gty = Zwlq“—api = Z1=12y.
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Scalar QED

The lagrangian of the theory is:

1
L=—FuwF" +(Dy) (D"6) —m?¢l¢ . Dy=0u+ieA,

and we have the interaction part:
Ling = —ic AP (6T, ¢) + 24, AT

so we have the rules:

P~ H v
'vvv\/\m po=—ie(p+p )", \(r;ﬂ = 2ie?gh”.
v s / /// \\ X
D o (3
T pr-m?
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Scalar QED

The superficial degree of divergence w in d =4 dimensions is:
w=4L—-2Ip—21,+V3

where: L = loops, I~ = internal propagators, and V3 = number of
three-point vertices. We have some divergent graph:
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sQED Path integral derivation

We can rederive the Ward-Takahashi identity in the Scalar QED following
the same step for the QED. We have:

Z=N / DA, Do D¢ exp <z / Leffdx) ,
with:

Lot = =L FurF™ + (D) (D0) =61 6 = 5 (0 AP

—JHA,+ 5T+ 9T,
D, = ('L +ieA,.

Due to the gauge-fixing term, Les is not gauge invariant, but we want Z
to be.
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sQED Path integral derivation

Performing the infinitesimal transformation:
A, — A, +0,A, p—d—iehg,  ¢f — ol +ieAsl,
the covariant kinetic term (D,$)T(D") and the mass term are invariant

by construction; only the gauge-fixing term and the source terms are not.
The integrand of Z therefore picks up a factor:

exp{i/d:x {—;(8"Au)DA— JrO, A —ieA(jT¢ — ngj)] },

which, since A is infinitesimal, may be written:

1—|—i/d:c {—im(aﬂAu) +6“Ju—ie(ﬂ¢—¢*j)} A).
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sQED Path integral derivation

Since A is an arbitrary function, the operator may be written using the
substitutions:

19

1
s - fz

19

1)
5 s

giving the functional differential equation:
4] o 0
D e M, — Zlj. 5, 0] =
0 5JH+6J 6( 5T ]6]>:| [J?]a ]
Putting Z = ¢V
o 6w . ) ( +OW 5W)
—iel( ] 0

ot 77
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sQED Path integral derivation

where W = W {j, 41, J]. Define the vertex functional I" through the same
transformation and relation se get:

e A) 0, s el S el (2) 5

which is identical to the fermionic case with ¢ <> ¢, ¢! <> 1.

At this point we have to functionally differentiate the equation, but we can
do in two ways that bring us to the 3-point vertex and the 4-point vertex.
Functionally differentiate this equation twice, with respect to ¢'(z) and
#(y1), and put ¢ = ¢t = A, =0. The first term vanishes, and we obtain:

=0.

53T[0] iodle g &°rlo]

O ot )oaly s An (D) O T S oot
—ied(x— )—52F[0]
Y56t (21)00 (1)
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sQED Path integral derivation

The left-hand side is the derivative of the (1PI) photon-scalar-scalar vertex;
the two terms on the right are the inverses of exact propagators. Defining:

o §3T[0]
i(p'z1—py1—qzx) —
[ dwdordne 501 (1) (y1)0 A (2)

=ie(2m)*6(p' —p—q)Tu(p,q,p)

§2T[0]

i(p'z1—py1) _ dgr 1 /—1
[ oy i) e E s = (2m) s 1) S 9)

and multiplying the functional derivative equation by
exp{i(p'r1 — py1 — qx)} and integrating over x, x1, y; gives:

@"Tulp.a.p+q) =S5 (p+9)— S5 ()
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sQED Path integral derivation

which is exactly the same relation as in fermionic QED. Pictorially:

¢" - pJ;Z[}Jerq - 15””17

In the soft limit ¢* — 0 we have:

1 955(p)

I _
¢"Tulp,0.p) =" =5
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sQED Path integral derivation

Now we can functionally differentiate three times, respect to ¢f(z1), ¢(y1)
and A¥(z1), and setting ¢ = ¢! = A, = 0 we obtain:

o O'r(o) =ied(r—m1) 6°r(0) -
" 508 (1)06(y1 )0 A (21)6 Ak (x) V6T (21)30(y1)0AY (21)
. §3T[0]
e ) S 6 () A ()

We have to define the four-point vertex:

/d:n dx1 dyy dz ol (P T1—py1 —qre—q221) 54T[0] _
001 (1)0(y1)0A¥ (21)6 Ak ()

=ie?(2m)*(p' = p— @1 — ) Ty (py 01, 42, 1),
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sQED Path integral derivation

where g1 and g2 are the incoming momenta of the two photons carrying
Lorentz indices i1 and v respectively. Multiplying the differential equation
by the exponential factor and integrating over the spatial coordinates:

AT ai, 2.0+ 01+ @) =Tu(p+aq1,¢2,0+ 01 +42) —Tu(p, g2, 0+ ¢2).

Expanding for soft photon 1, so ¢}' — 0:

or'y(p,q2,p+ @2
' Ty (9,0,q2,p+ q2) = ¢t 4 )

Opt '
Taking the second soft limit as go — 0, we find:
o'y (p,0,p)
465 T (p.0,0.p) = a5 =5 L=
substituting the differential Ward-Takahashi identity we conclude:
9”55 (p)
I _ K B
7195w (p,0,0,p) = ¢ qZW
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sQED Renormalization constants

As the other theories we must rescale our fields and parameters to absorb
the UV divergences:

g0 =2 pp, Al=ZV2AL md=m?+om?.
The bare interaction vertices are defined through the three-point vertex

renormalization constant Z; and the four-point (Seagull) vertex
renormalization constant Zu:

-1 —1 v
Iy =2 F% , I‘g”’:Z4 F‘;{.
We also have:

Sp(p) = p2'rnZ2¢E@ — S5l 0) =2, (PP - m? - Z(p))
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sQED Renormalization constants

So we can see that the Ward identity implies at the first order:

055" (p)

_ 0
~2Z p, , Thpgp) 5 277t

p'=

hence:
27 ' =22 "oy = Zi=Zy.

We can also consider the four-point vertex, where we have two photons
with momentum ¢; and g2. We have:

0*Sy'(p) 0
—-B V7 QZ— ™ (p,0,0,p) = Z; 2¢"
8])“8])1/ 8pu’ |: :| ) (p7 ) 7p) 4 g
1
:Z¢ 29,
hence:

Qo Zy 20" = quan Zy 29" = Zi=Zy.
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sQED Renormalization constants

So, in sSQED we need only one renormalization contant:

7y = Zy = 2y,
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sQED Counterterms

Having just one renormalization constant is particularly convenient
because having diagram like:

we could think that we have to search the relative counterterms in order to
absorb the UV divergence. It is therefore sufficient to compute the
counterterm for the scalar self-energy: thanks to Z7 = Z, = Z, this
automatically fixes the three- and four-point counterterms as well.
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Conclusions

@ The Ward-Takahashi identity follows from gauge invariance and holds
to all orders in perturbation theory.

o It implies Z; = Z, in QED, and Z; = Z4 = Z4 in sQED: a single
renormalization constant governs all vertices.

@ As a result, computing the scalar (or fermion) self-energy counterterm
is enough to fix the three- and four-point counterterms automatically.

@ Natural extension: the Slavnov-Taylor identities, generalizing this
result to non-abelian gauge theories.
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Appendix



Scalar QED: 2y — 2y

Let's see the process 2v — 2+:

M = MBox + MTriangIe + MBubee

To obtain MH*¥P? we need to consider all the possible combinations for the
photons attached to the vertices.
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Scalar QED: 2y — 2~

Explicitly we have the amplitudes:

wvpo o - d4p (2p+k1)u (2p+2k1+k3)p
ML = (=i | @m) [ —m[(p+ k)2 —m?]
(2p+ 2k1 +2ks + k4)a (2p — kg)y

[(p+ k1 +k3)2 —m?][(p — k2)? —m?]
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Scalar QED: 2y — 2y

k1
Hw S
'\'\x\/\\\ij—’_kl G',k/’g

I~

d'p (2p+k1)* (977) (2p — k2)¥
(2m)4 [p2 —=m?][(p+k1)? —m?] [(p — k2)? —m?]

MEEPT — (—ie)?(2i€?) /

Triangle —

ki Lk
2 \1//—?\‘\ i/k P
SR AN

~

-~

14 A ag
p— k1 — ke

M= e | s oo

29/25



Scalar QED: 2y — 2+ gauge invariance

We want to contract Mg."" with ky,; we have:

Box

1
Gl Gy ) 1oy iV —

m2 (2p' k1 + k%)

1 1
= ki MELET x
1p’Y Box p2—m? (p+ky)2 —

[+ k) —m?] - [p = m?]
= [(p k)2 — )

So:
1 1

k1 Mgll? o -
L p2—m?  (p+k1)2—m?

Box
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Scalar QED: 2y — 2+ gauge invariance

which is nothing more than the Ward-Takahashi identity for the sQED.
Indeed in sSQED we have:

I(p+k,p)=(2p+k)*
S~ p) =p*—m’
S p+k)=(p+k)>—m?

SO:

k LH(p,p+k) = S~ (p+k) =S (p)
= k(2o k) = [(p+ k)2 —m?| = [p? = m?].
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Scalar QED: 2y — 2+ gauge invariance

For the Box diagram we get:

oy MEVPT — 64/ d'p { (2p+ 2k1 +k3)? (2p + 2k1 + 23 + ka)? (2p — k)"
K7 T Box (271')4 [p2 _ m2] [(]H- k1 + k3)2 — mz] [(p— k2)2 — m2]

B (2p+2k1 + k3)? (2p+ 2ky +2ks + kq)? (2p — ko) }
[(p+F1)? =m?][(p+ k1 + k) —=m?][(p— k2)* —m?] [

In the second term we can do the shift p — p’ = p— k1, so:

o1 MBLET =

Box

64/ d*p {(2p+2k‘1+k3)p(2p+2k1+2k3+k‘4)"(2p—k52)”
(2m)t U [p?2 —m?][(p+ k1 + k3)? —m?][(p — k2)? — m?]
_ (2p+k3)P (2p+2k3 + k)7 (2p — 2k1 — ko)” }
[p? —m?][(p+k3)? —m?] [(p — k1 — k2)? —m?]
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Scalar QED: 2y — 2+ gauge invariance

which is quite easy to see that these two integrals are two Triangles with 3
indices. The second term is:

14 A . 3p+k‘3
I~ 4
p— k1 — ke

Now, if we consider all the 4! = 24 combinations of the external photons,
then:

uvpo vpo
leM Box _MTriangIe

(see Mriangle to verify the sign), which is # 0, so gauge-variant, but it
can help us to verify the gauge invariance of the total M.
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Scalar QED: 2y — 2+ gauge invariance

Indeed, doing the same thing for the Triangle:

oo 1
kl,U'M#rlla)ngIe m(2p+ k)uklll [(p+ kl)Q — mz}
! 1
_p2_m2 (p+k:1)2_m2
SO.
vpo d*p 9% (2p — k2)¥
bt =2 [ 5 o R
g (2p — k)

kD)2 = m[(p—k2)? —m?]

|
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Scalar QED: 2y — 2+ gauge invariance

Doing the shift p — p’ = p—k; in the second term we get:

4 [ d'p 977 (2p — k2)"
k ppo 9 4/ { _
1M Triangle e 2 [p? —m2][(p— k2)2 —m?]

9" (2p =2k — k)" }
[p* = m?][(p — k1 — k2)* —m?]

which are two terms with two denominators, so objects like (for example
the second term):

Pk
TIIAN P

klikQ//—‘\\ k
1 f\/\/\/\/\}\ , \4
- o
p—k1— k2

which are similar to a Bubble without a photon (external).
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Scalar QED: 2y — 2+ gauge invariance

Obviously we need to consider all the combinations for the photons, and in
this way we can see that a similar contraction k1, M427  like:

Triangle
p
N
%5 s
Y=k — k;\\ ‘
o
Mo / ie)*(2ie*) g" (2p+ k3)’ (2p — ka)®
Trlangle p _ mZ] [<p+ k3)2 _ m2] [(p _ kl _ k2)2 _ mQ]

where we can see:

oo [ d'p (—ie)(2ie®) kY (2p+k3)? (2p — ka)”
k:m/\/l%igngle = / 2m)* [p2 —m?][(p+ k,g)zl_ m?][(p— k1 — k2)?2 —m?]
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Scalar QED: 2y — 2+ gauge invariance

which is the "correct" term to cancel the contribution from k;, Mg ?”

Box *
Let's see the contraction for the Bubble:
d4p kv gpa
i prpo (92 2/ 1
1 Meubble = (2i€7) @m)A [p2—m?][(p— k1 — k2)2 — m?]

so a diagram like:

/p\xk:s
k1+k’2,/—‘\\/ p
v Aj;;;fﬂ\ / ‘\fg

-

- o

p—ki—k

so something similar to the result k1, M42"  (note the sign).
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Scalar QED: 2y — 2+ gauge invariance

Considering all the photon combinations, we have:

ki MUel? = —M4E?

Box Triangle
prpo vpo
klﬂMTnangIe MTnangIe MBubee

prpo
klMMBubee - MBubee
so:

k‘lthot 1u (MWW + Mire + M‘éﬁﬁﬂe)

Box Triangle
. vpo vpo vpo
- [_MTriangle] + [MTriangle MBubble} [MBubble}
=0.

So Mot is gauge invariant.
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Scalar QED: 2y — 2+ finite contribution

We've saw that:
w(Box)=0 , w(Triangle)=0 , w(Bubble)=0

but a logarithmic divergence is necessarily independent of external
momenta. The divergent part of the amplitude must therefore be a rank-4
tensor constructed exclusively from the metric tensor g"”. The most
general form is:

MUEPT = Cy g g + Co gH'P g"° + C3 g7 g"*

where C1, Cs, Cs are potentially divergent constants.
The gauge invariance of the theory implies the Ward—Takahashi identities.
In particular:

vpo vpo
klqulotp - 07 kQVMéjlotp = O
wpo pvpo _
k3thotp — O, k40'Mt0t — 0
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Scalar QED: 2y — 2+ finite contribution

Applying the first of these to the divergent part we have:
kluM;dJ,il\/lpU_C k’ gpa+02kp Vo‘+C k,a l/p_

Since this identity must hold for arbitrary external momenta and the
tensor structures kY g??, k7g"?, k§g"? are linearly independent, it
necessarily follows that:

C1 =0, Cy =0, C3=0.

The only rank-4 tensor structure constructed solely from the metric tensor
that is compatible with the Ward—Takahashi identities is the vanishing
one. Therefore:

pvpo
de -

The UV divergences of the individual diagrams (Box, Triangle, Bubble)
cancel exactly in the sum, and the total amplitude Mfy”fy”fw is ultraviolet
finite without the need for a counterterm. This result is a direct

consequence of the gauge invariance of the theory.
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